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1. Main theorem

P (t, τ, ξ) = τ 2 − a(t, ξ) + b(t, τ, ξ) + c(t) ((t, ξ) ∈ [0,∞)×Rn),

a(t, ξ) : homo. poly. of ξ of deg. 2,

a(t, ξ) ≥ 0 ((t, ξ) ∈ [0,∞)×Rn,

real anal. fun. of t .

b(t, τ, ξ) = b0(t)τ + b1(t, ξ),

b1(t, ξ) : homo. poly. of ξ of deg. 1.

Let κ ≥ 1.

f(t, x) ∈ E (κ)([0,∞)×Rn) (resp. E{κ}([0,∞)×Rn))

def⇐⇒
∀T > 0, ∀h > 0, ∃C ≡ CT,h > 0

(resp. ∀T > 0, ∃h > 0, ∃C ≡ CT > 0) s..t.

|∂j
t ∂

α
x f(t, x)| ≤ Chj+|α|(j + |α|)!κ

for (t, x) ∈ [0, T ]×Rn with |x| ≤ T .

Similarly we define E (κ)([0,∞)), E (κ)(Rn), E{κ}([0,∞)), E{κ}(Rn) and so

on.

Assumption
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(A) The coefficients of b(t, τ, ξ) and c(t) belong to E∗([0,∞)).

Here ∗ denotes (κ) or {κ}.

We consider the Cauchy problem

(CP)

{
P (t,Dt, Dx)u(t, x) = f(t, x) ((t, x) ∈ [0,∞)×Rn),

u(0, x) = u0(x), (Dtu)(0, x) = u1(x) (x ∈ Rn)

in E∗([0,∞)×Rn), where

f(t, x) ∈ E∗([0,∞)×Rn), u0(x), u1(x) ∈ E∗(Rn).

Note that

(i) if g(x) ∈ D(κ)(Rn) ≡ E (κ)(Rn) ∩ C∞
0 (Rn), then

∀A > 0, ∃CA > 0 s.t.

|ĝ(ξ)| ≤ CA exp[−A|ξ|1/κ] for ξ ∈ Rn,

where

ĝ(ξ) =

∫
Rn

g(x)e−ix·ξ dx : Fourier transform of g,

and that

(ii) if g(x) ∈ D{κ}(Rn) ≡ E{κ}(Rn) ∩ C∞
0 (Rn), then

∃A > 0, ∃C > 0 s.t.

|ĝ(ξ)| ≤ C exp[−A|ξ|1/κ] for ξ ∈ Rn.

Prop. If 1 < κ ≤ 2 (resp. 1 < κ < 2), then (CP) is E (κ) well-posed

(resp. E{κ} well-posed).

To state our main theorem, we need a set-valued function R(ξ) :

Sn−1 ∋ ξ 7→ R(ξ) ∈ P(C), which satisfies the following:

∀T > 0, ∃NT ∈ Z+ s.t. #{λ ∈ R(ξ); Reλ ≤ T} ≤ NT for ξ ∈ Sn−1.

We note that R(ξ) is usually chosen as zeros of a(λ, ξ) in λ with some

modifications.
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Main theorem Assume that κ > 1, and that

0 ≤ ∃ν < 1/κ s.t. “∀T > 0 ∃CT > 0 s.t.(
min
s∈R(ξ)

|t− s|
)1/(1−ν)

|b1(t, ξ)| ≤ CT a(t, ξ)(1−2ν)/(2−2ν)(G)

for (t, ξ) ∈ [0, T ]× Sn−1.”

Then (CP) is E∗ well-posed.

Remark (i) If we can take ν = 0, (CP) is C∞ well-posed. Here we may

assume the coefficients of b(t, τ, ξ) and c(t) belong to C∞([0,∞)).

(ii) There is no difference in the results of Main theorem between for E (κ)

and for E{κ} (see Prop.).

(iii) From Prop. it is enough to consider the case κ ≥ 2. So we assume

that 0 ≤ ν < 1/2 in (G).

2. Outline of the proof of Main theorem

Let T > 0 be fixed, and let Λ(t, ξ) be a symbol in E∗ satisfying, with

some CT > 0,

|Λ(t, ξ)| ≤ CT ⟨ξ⟩1/κ for (t, ξ) ∈ [0, T ]×Rn if ∗ = (κ),

|Λ(t, ξ)| ≤ CT ⟨ξ⟩ν for (t, ξ) ∈ [0, T ]×Rn if ∗ = {κ},

where ν < 1/κ is fixed.

To consider (CP) in E (κ)

←→
To consider, for ∀A > 0,

(CP)A



(exp[A⟨Dx⟩1/κ − γΛ(t,Dx)]P (t,Dt, Dx)

× exp[−A⟨Dx⟩1/κ + γΛ(t,Dx)])v(t, x)

= exp[A⟨Dx⟩1/κ − γΛ(t,Dx)]f(t, x),

(t, x) ∈ [0, T ]×Rn,

v(0, x) = exp[A⟨Dx⟩1/κ − γΛ(0, Dx)]u0(x), x ∈ Rn,

(Dtv)(0, x) = exp[A⟨Dx⟩1/κ − γΛ(0, Dx)]u1(x), x ∈ Rn,
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where we choose γ > 0 appropriately to obtain energy estimates and

f(t, x) ∈ C∞([0, T ];D(κ)(Rn), uk(x) ∈ D(κ)(Rn) (k = 1, 2).

+ α

If we can solve (CP)A, then

u(t, x) = exp[−A⟨Dx⟩1/κ + γΛ(t,Dx)]v(t, x)

satisfies (CP).

To show that (CP) is E (κ) well-posed we prove that (CP) has finite prop-

agation property. In doing so, we replace P (t, τ, ξ) by

Pε(t, τ, ξ) = τ 2 − a(t, ξ)− ε|ξ|2 + b(t, τ, ξ) + c(t),

where ε ∈ (0, 1]. Then we need to apply the same arguments as in

[W] W., On the Cauchy problem for hyperbolic operators of second

order whose coefficients depend only on the time variable, J. Math.

Soc. Japan 62-1 (2010), 95–133.

So we first consider

(CP)ε,A



(exp[A⟨Dx⟩1/κ − γΛ(t,Dx)]Pε(t,Dt, Dx)

× exp[−A⟨Dx⟩1/κ + γΛ(t,Dx)])vε(t, x)

= exp[A⟨Dx⟩1/κ − γΛ(t,Dx)]f(t, x),

(t, x) ∈ [0, T ]×Rn,

vε(0, x) = exp[A⟨Dx⟩1/κ − γΛ(0, Dx)]u0(x), x ∈ Rn,

(Dtvε)(0, x) = exp[A⟨Dx⟩1/κ − γΛ(0, Dx)]u1(x), x ∈ Rn,

where A > 0 is chosen so that

(1)

{
exp[2A⟨Dx⟩1/κ]f(t, x) ∈ C∞([0, T ];H∞(Rn)),

exp[2A⟨Dx⟩1/κ]uk(x) ∈ H∞(Rn) (k = 0, 1).

Similarly, we have:

To consider (CP) in E{κ}

←→
To choose A > 0 so as to satisfy (1), and to consider (CP)ε,A in the

Sobolev spaces
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+ α

To prove Prop. we take

Λ(t, ξ) = t⟨ξ⟩1/2.

Let us give an outline of the proof of Main theorem. Put

Λ(t, ξ) =t⟨ξ⟩ν +
∑

s∈R(ξ/|ξ|)

⟨ξ⟩ν log
(√

(t− s)2⟨ξ⟩+ 1 + (t− s)⟨ξ⟩1/2
)

+ ⟨ξ⟩ν log
(√

t2⟨ξ⟩4/3 + 1 + t⟨ξ⟩2/3
)
.

We also put

W (t, ξ) := ∂tΛ(t, ξ)

= ⟨ξ⟩ν +
∑

s∈R(ξ/|ξ|)

⟨ξ⟩ν+1/2/
√

(t− s)2⟨ξ⟩+ 1 + ⟨ξ⟩ν+2/3/
√

t2⟨ξ⟩4/3 + 1.

For ε ∈ (0, 1] and γ > 0 we define

Eε(t, ξ;w; γ) = exp[−γΛ(t, ξ)]
× {|∂tw(t, ξ)|2 + (a(t, ξ) + ε|ξ|2 +W (t, ξ)2)|w(t, ξ)|2},

and apply the arguments in §3 of [W].

∂tEε(t, ξ;wε; γ)

≤ [|ĝ(t, ξ)|2/W (t, ξ)

− {γ − 3− (|c(t)|+ 2 Im b0(t))/W (t, ξ)}W (t, ξ)|∂twε(t, ξ)|2

− {γa(t, ξ)W (t, ξ)2 + (γ − 3)W (t, ξ)4 − |b1(t, ξ)|2

− |c(t)|W (t, ξ)− ∂ta(t, ξ) ·W (t, ξ)}|wε(t, ξ)|2/W (t, ξ)]

× exp[−γΛ(t, ξ)],

where

ĝ(t, ξ) = exp[A⟨ξ⟩1/κ − γΛ(t, ξ)]f̂(t, ξ),

wk(ξ) = exp[A⟨ξ⟩1/κ − γΛ(0, ξ)]ûk(ξ) (k = 0, 1),

exp[3A⟨ξ⟩1/κ/4]ĝ(t, ξ) ∈ C∞([0, T ];L2(Rn)),(2)

exp[3A⟨ξ⟩1/κ/4]wk(ξ) ∈ L2(Rn) (k = 0, 1),(3)
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{
(exp[−γΛ(t, ξ)]Pε(t,Dt, ξ) exp[γΛ(t, ξ)])wε(t, ξ) = ĝ(t, ξ),

wε(0, ξ) = w0(ξ), (∂twε)(0, ξ) = w1(ξ).

From the unique existence theorem of ordinary differential equations it

follows that the solution wε(t, ξ) uniquely exists.

Fix T > 0, and choose γ > 0 so that

γ − 3− |c(t)| − 2 Im b0(t) ≥ 0 (t ∈ [0, T ]).

If we can show that

∂ta(t, ξ) ·W (t, ξ) ≲ a(t, ξ)W (t, ξ)2 +W (t, ξ)4(4)

((t, ξ) ∈ [0, T ]×Rn),

|b1(t, ξ)|2 ≲ a(t, ξ)W (t, ξ)2 +W (t, ξ)4(5)

((t, ξ) ∈ [0, T ]×Rn),

then, taking γ sufficiently large, we have

∂tEε(t, ξ;wε; γ) ≤ exp[−γΛ(t, ξ)]|ĝ(t, ξ)|2/W (t, ξ).

Therefore, we have

Eε(t, ξ;wε; γ)(6)

≤ Eε(0, ξ;wε; γ) +

∫ t

0

exp[−γΛ(s, ξ)]|ĝ(s, ξ)|2/W (s, ξ) ds,

which proves Main theorem after several steps(see [W]).

(4) was proved in [W] in the case ν = 0, if necessary, modifying R(ξ).
Let us prove that (5) holds. Fix (t, ξ) ∈ [0, T ]×Rn.

(I) If ∃s ∈ R(ξ/|ξ|) s.t. |t− s|⟨ξ⟩1/2 ≤ 1, then W (t, ξ) ≥ ⟨ξ⟩ν+1/2/
√
2,

and, therefore, (5) holds.

(II) Assume that |t− s|⟨ξ⟩1/2 ≥ 1 for ∀s ∈ R(ξ/|ξ|). Then we have

W (t, ξ) ≥ 1√
2
⟨ξ⟩ν

(
min

s∈R(ξ/|ξ|)
|t− s|

)−1

.

If we can show that, with some X ∈ [0, 1],

|b1(t, ξ)| ≲
{
|ξ|ν

(
min

s∈R(ξ/|ξ|)
|t− s|

)−1√
a(t, ξ)

}X

(7)
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×
{
|ξ|ν

(
min

s∈R(ξ/|ξ|)
|t− s|

)−1}2(1−X)

,

then we can see that (5) holds. By homogenuity in ξ we have

1 = (ν + 1)X + 2(1−X)ν ∴ X =
1− 2ν

1− ν
.

The condition (G) is obtained by (7) with X =
1− 2ν

1− ν
. Therefore, if (G)

is satisfied, then (6) holds.

Fix γ > 0 which was chosen large so as to obtain (6). Choose ν ′ so that

ν < ν ′ < 1/κ. Then we have

|Λ(t, ξ)| ≤ C0⟨ξ⟩ν
′

for t ∈ [0, T ].

Therefore, we have, with some Ĉ > 0,

exp[−Ĉ⟨ξ⟩ν′ ]{|w(t, ξ)|2 + |∂tw(t, ξ)|2} ≤ Eε(t, ξ;w; γ)

≤ exp[Ĉ⟨ξ⟩ν′ ]{|w(t, ξ)|2 + |∂tw(t, ξ)|2} (t ∈ [0, T ]).

(6) gives

|wε(t, ξ)|2 + |∂twε(t, ξ)|2(8)

≤ exp[2Ĉ⟨ξ⟩ν′ ]{|w0(ξ)|2 + |w1(ξ)|2}+
∫ t

0

exp[2Ĉ⟨ξ⟩ν′ ]|ĝ(s, ξ)|2 ds.

So by (2) and (3) we can see that wε(t, ξ) ∈ C∞([0, T ];L2(Rn)), and that

we can define the inverse Fourier transform of wε(t, ξ) in ξ. Put

uε(t, x) = exp[−A⟨Dx⟩1/κ + γΛ(t,Dx)]F−1
ξ [wε(t, ξ)](x).

Then uε(t, x) satisfies{
Pε(t,Dt, Dx)uε(t, x) = f(t, x), (t, x) ∈ [0, T ]×Rn,

uε(0, x) = u1(x), (∂tuε)(0, x) = u1(x), x ∈ Rn,

|ûε(t, ξ)|2 + |∂tûε(t, ξ)|2

≤ C exp[−A⟨ξ⟩1/κ/2]
[ 1∑
k=0

| exp[2A⟨ξ⟩1/κ]ûk(ξ)|2
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+

∫ t

0

| exp[2A⟨ξ⟩1/κ]f̂(s, ξ)|2 ds
]
.

Since Pε(t, τ, ξ) (ε > 0) is strictly hyperbolic, we can estimate suppuε.

Noting that uε(t, x) → u(t, x) in D′((0, T ) × Rn) as ε ↓ 0, we can also

estimate suppu. Therefore, applying the same argument as in [W], we

can construct a solution u(t, x) of (CP) even if u0(x), u1(x) and f(t, x) do

not have compact supports with respect to x. It is obvious that u(t, x) ∈
C∞([0, T ]; E∗(Rn)). Let us prove that u(t, x) ∈ E∗([0, T ] ×Rn). By the

equation we have

D2
t û(t, ξ) = ã(t, ξ)û(t, ξ)− b0(t)Dtû(t, ξ),

where ã(t, ξ) = a(t, ξ)− b1(t, ξ)− c(t). We shall prove, by induction, that

(9) |Dk
t û(t, ξ)| ≤ C(u)A(u)kk!κ

k∑
l=0

⟨ξ⟩l

l!κ
Bl exp[−A⟨ξ⟩1/κ/2] (k ≥ 0)

for (t, ξ) ∈ [0, T ]×Rn, where B > 0 is a given constant. Let

|Dk
t ã(t, ξ)| ≤ C(ã)A(ã)kk!κ⟨ξ⟩2,

|Dk
t b0(t)| ≤ C(b0)A(b0)

kk!κ

for (t, ξ) ∈ [0, T ]×Rn. Then we choose A(u) > 0 so that

A(u) ≥ A(b0), A(u) ≥
√

2cκC(ã)/B, A(u) ≥ 2cκC(b0)/B

in (9). Here cκ > 0 is a constant satisfying

k∑
l=0

(
k

l

)1−κ

≤ cκ (k ∈ Z+).

We may suppose that (9) is valid for k = 0, 1. Let k ≥ 0. Then we have

|Dk+2
t û(t, ξ)|

≤
k∑

l=0

(
k

l

)
|Dk−l

t ã(t, ξ) ·Dl
tû(t, ξ)|+

k∑
l=0

(
k

l

)
|Dk−l

t b0(t) ·Dl+1
t û(t, ξ)|

≤
k∑

l=0

(
k

l

)
C(ã)A(ã)k−l(k − l)!κ⟨ξ⟩2 · C(u)A(u)ll!κ
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×
l∑

µ=0

⟨ξ⟩µ

µ!κ
Bµ exp[−A⟨ξ⟩1/κ/2]

+
k∑

l=0

(
k

l

)
C(b0)A(b0)

k−l(k − l)!κ⟨ξ⟩ · C(u)A(u)l+1(l + 1)!κ

×
l+1∑
µ=0

⟨ξ⟩µ

µ!κ
Bµ exp[−A⟨ξ⟩1/κ/2]

≤ C(u)A(u)k+2(k + 2)!κ
[ C(ã)

A(u)2

k∑
l=0

(
k

l

)1−κ
1

(k + 2)κ(k + 1)κ

×
(A(ã)
A(u)

)k−l
l∑

µ=0

⟨ξ⟩µ+2

µ!κ
Bµ

+
C(b0)

A(u)

k∑
l=0

(
k

l

)1−κ( l + 1

(k + 2)(k + 1)

)κ

×
(A(b0)
A(u)

)k−l
l+1∑
µ=0

⟨ξ⟩µ+1

µ!κ
Bµ

]
exp[−A⟨ξ⟩1/κ/2]

≤ C(u)A(u)k+2(k + 2)!κ

×
[ C(ã)

A(u)2(k + 2)κ(k + 1)κB2

k∑
l=0

(
k

l

)1−κ(A(ã)
A(u)

)k−l

×
l+2∑
µ=2

⟨ξ⟩µ

µ!κ
Bµµκ(µ− 1)κ

+
C(b0)

A(u)(k + 2)κ(k + 1)κ

k∑
l=0

(
k

l

)1−κ(A(b0)
A(u)

)k−l

(l + 1)κ

×
l+2∑
µ=1

⟨ξ⟩µ

µ!κ
Bµµκ

]
exp[−A⟨ξ⟩1/κ/2]

≤ C(u)A(u)k+2(k + 2)!κ
k+2∑
µ=0

⟨ξ⟩µ

µ!κ
Bµ

×
[ cκC(ã)

A(u)2B2
+

cκC(b0)

A(u)B

]
exp[−A⟨ξ⟩1/κ/2]
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≤ C(u)A(u)k+2(k + 2)!κ
k+2∑
µ=0

⟨ξ⟩µ

µ!κ
Bµ exp[−A⟨ξ⟩1/κ/2]

for (t, ξ) ∈ [0, T ]×Rn, which proves that (9) is valid.

Lemma Assume that u(t, x) ∈ C∞([0, T ];D∗(Rn)) satisfies (9). Then

we have

|⟨ξ⟩n+1Dk
t (ξ

αû(t, ξ))| ≤ C(u)A(u)kk!κ⟨ξ⟩n+1+|α| exp[−A⟨ξ⟩1/κ/4]
for (t, ξ) ∈ [0, T ]×Rn, k ∈ Z+ and α ∈ (Z+)

n.

Moreover, we have

|Dk
tD

α
xu(t, x)| ≤ C(u)′A(u)k

(8κ
A

)κ|α|
k!κ|α|!κ

for (t, x) ∈ [0, T ]×Rn, k ∈ Z+ and α ∈ (Z+)
n.

Remark When ∗ = (κ), we can take A → ∞. Taking B = (A/(4κ))κ,

we have A(u), (A/(4κ))−κ → 0, i.e., u(t, x) ∈ E (κ)([0, T ]×Rn).

Proof For al ≥ 0 and κ ≥ 1 it is obvious that( k∑
l=1

aκ
l

)1/κ

≤
k∑

l=1

al (k ∈ Z+).

So we have( k∑
l=0

⟨ξ⟩l

l!κ
Bl

)1/κ

≤
k∑

l=0

⟨ξ⟩l/κ

l!
Bl/κ ≤ exp[B1/κ⟨ξ⟩1/κ],

k∑
l=0

⟨ξ⟩l

l!κ
Bl ≤ exp[κB1/κ⟨ξ⟩1/κ].

Therefore, (9) with B = (A/(4κ))κ yields

|⟨ξ⟩n+1Dk
t (ξ

αû(t, ξ))| ≤ C(u)A(u)kk!κ⟨ξ⟩n+1+|α| exp[−A⟨ξ⟩1/κ/4].

Noting that

sk+l ≤ c−(k+l)κ(k + l)!κ exp[κcs1/κ] ≤ (c/2)−(k+l)κk!κl!κ exp[κcs1/κ]

for c > 0 and k, l ∈ Z+, we have

|⟨ξ⟩n+1Dk
t (ξ

αû(t, ξ))| ≤ Ĉ(u)A(u)k
(8κ
A

)κ|α|
k!κ|α|!κ,

which proves Lemma.
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3. Examples

Example 1 Let n = 1, k, l ∈ Z+, a(t, ξ) = tkξ2 and b1(t, ξ) = tlξ. We

take

R(ξ) = {0} for ξ ∈ S0(= {1,−1}).

Taking 0 ≤ ν < 1/κ, the condition (G) is equivalent to

tl+1/(1−ν) ≲ tk(1−2ν)/(2−2ν) (t ∈ [0, T ]).

So we have

(G) ⇐⇒ l +
1

1− ν
≥ k(1− 2ν)

2− 2ν
⇐⇒

2l(1− ν) + 2 ≥ k(1− 2ν) ⇐⇒ (2k − 2l)ν ≥ k − 2l − 2.

Therefore, the condition (G) is equivalent to

∃ν s.t. κ <
1

ν
≤ 1 +

k + 2

(k − 2l − 2)+
.

Here we consider (k+2)/0 =∞. Indeed, if k−2l−2 > 0, then the above

is obvious. When k − 2l − 2 ≤ 0,

(2k − 2l)ν ≥ k − 2l − 2 ⇐⇒
k + 2 ≥ (k − 2l − 2)(1/ν − 1), which is valid.

Therefore, if

(I) κ < 1 +
k + 2

(k − 2l − 2)+
,

then (CP) is E∗ well-posed.

Remark Ivrii proved that (I) is a necessary and sufficient condition for

(CP) to be E{κ} well-posed (when k is even)(?).

Example 2 Let n = 2, kj, lj ∈ Z+ (j = 1, 2), k2 > 0, and

a(t, ξ) = tk1(tk2ξ1 − ξ2)
2, b1(t, ξ) = tl1ξ1 + tl2ξ2.

We can write

b1(t, ξ) = (tl1ξ1 + tl2+k2)ξ1 − tl2(tk2ξ1 − ξ2).
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Put l̄ = min{l1, l2 + k2}. We take

R(ξ) =

{
{0, |ξ2/ξ1|1/k2ω1, · · · , |ξ2/ξ1|1/k2ωk2} for ξ ∈ S1 with ξ1 ̸= 0,

{0} for ξ ∈ S1 with ξ1 = 0,

where

ωl = exp[i{arg(ξ2/ξ1) + 2(l − 1)π}/k2] (l = 1, 2, · · · , k2).

Taking account of Prop., we assume that 0 ≤ ν < 1/κ and ν ≤ 1/2.

Noting that

min
s∈R(ξ)

|t− s| ≲ |tk2 − ξ2/ξ1|1/k2 if ξ ∈ S1 and ξ1 ̸= 0,

we have

(G) ⇐⇒

(1− 2ν)/(1− ν) ≤ 1,

tl2+1/(1−ν) ≲ tk1(1−2ν)/(2−2ν),

∃λ ∈ [0, 1] s.t.

tl̄+(1−λ)/(1−ν) ≲ tk1(1−2ν)/(2−2ν)|tk2 − ξ2/ξ1|(1−2ν)/(1−ν)−λ/(k2(1−ν))

if ξ1 ̸= 0,

tl̄+1/(1−ν) ≲ tk1(1−2ν)/(2−2ν) : the condition for ξ1 ∼ 0

⇐⇒
(2k1 − 2l2)ν ≥ k1 − 2l2 − 2,

0 ≤ λ = k2(1− 2ν) ≤ 1,

(2k1 + 4k2 − 2l̄)ν ≥ k1 + 2k2 − 2l̄ − 2,

(2k1 − 2l̄)ν ≥ k1 − 2l̄ − 2

⇐⇒
k1 + 2 ≥ (k1 − 2l2 − 2)(1/ν − 1),

k2 + 1 ≥ (k2 − 1)(1/ν − 1),

k1 + 2k2 + 2 ≥ (k1 + 2k2 − 2l̄ − 2)(1/ν − 1),

k1 + 2 ≥ (k1 − 2l̄ − 2)(1/ν − 1)
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⇐⇒

1 + min
{ k1 + 2

(k1 − 2l2 − 2)+
,

k2 + 1

(k2 − 1)+
,

k1 + 2k2 + 2

(k1 + 2k2 − 2l̄ − 2)+

}
≥ 1

ν
> κ.

Here we have used the inequality

k1 + 2k2 + 2

(k1 + 2k2 − 2l̄ − 2)+
≤ k1 + 2

(k1 − 2l̄ − 2)+
.

Therefore, if

κ < 1 + min
{ k1 + 2

(k1 − 2l2 − 2)+
,

k2 + 1

(k2 − 1)+
,

k1 + 2k2 + 2

(k1 + 2k2 − 2l̄ − 2)+

}
,

then (CP) is E∗ well-posed.
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