EERDLRBAD R R D AIHAF T 2 W BLAEH R IZ DWW T

2019.1.4~1.6 #AILF ¥ > 7 (IIHK - #)
AR — BB (SRR T4 B BER)

1. FER

m €N, P(t,z,7,§) = 7" + 370, 3 0<j Galt, 2)T"IEY w = (21, ,2,) € R,
€= (&, ,&) € R ajo(t,x) € C([0,00) x R")
Cauchy &

op) {P(t, z, Dy, DyJult, ) = f(t,2) in [0,00) x R",

Dlu(t, x)]imo = uj(z) mR* (0<j<m—1)

Def. 1. Cauchy [f# (CP) 2% C> j# Y]
&,

(E) Vf e C>®(0,00) x R"), Vu; € C*(R") (0<j<m—1),
Ju € C*([0,00) x R") satisfying (CP).

(U) “s>0,ueC®[0,00) x R"), Dlu(t,z)|mo =0 (0<j<m—1) 7D
P(t,x, Dy, Dy)u(t,x) =0 for t < s”
N
u(t,z) =0 for t < s.

p(t,x, 7,8): P(t,x,7,&) DEI (( m IRFIRED)
( Lax-Mizohata)
(CP) AY C° jit]
S
p(t, o, 7,8) 134 (t,2) € [0,00) x R {ZXF U T hyperbolic w.r.t. ¢ = (1,0,---,0) € R"™ i.e.,
p(t,z, 7 —14,&) #0 for (t,x) € [0,00) x R", (1,&) € R"!
(& plt,a,7,6) = ﬁl(T— (2, €)), Ayt 2, €) IEFBUEBE (M (L 2.6) < - < Anlt,2,6)) )
=

hi(t,z,7,6) (= hi(t,z,7,&p) (0<j<m) %

p(t, 2,7 =7, =Y AV h (2,76 ((1,6) €R™, 7 €R)
=0



e
(A-1) aja(t,z) =aja(t) (1<j<m,|al=j): [0,00) TEMH, ic.,
( EEBDFRELDIRFIAI I D AZAKAFE L 2D [0, 00) TEMENTH)
— 3Q: [0, 00) DHEHIERE, 36 > 0 s.t.
(—00,00) CQ D ajo(t) (1 <j<m,|al=j) & Q TIEH
(H) p(t,7,€): hyperbolic w.r.t. ¥ for t € [—dp, 00)
(A-2) ajo(t,x) € C®([0,00) xR") (1 <j<m, |a]=7j—1) 2D
VR >0, dCr >0, dAg > 0 s.t.
0Fa; o (t, )| < CrARK!
f1<j<m,la|=5—-1,keZ,, (t,z) €[, R) xR", |z| <R

(D) 2 EHFFMERY, d.e.,

2p(t,7,£) #0
if (t,7,€) €[0,00) x R x S" L, p(t,7,6) = ,p(t,7,€) =

IT s = (e R gl = 1)

T(p(t,-),9) = “{(r,€) € R"™\ {0}; p(t,7,&) # 0} DI & EHLEAELD”
(tg, 2°) € [0,00) x R™

K(it0 20y = {(t(s),2(s)) € [0,00) x R"; s >0 and {(t(s),x(s))} is
a Lipschitz cont. curve in [0,00) x R" satisfying
(4/ds)(¢(s), () € T(p(t, ), 9)* ( ace. 5) and (£(0),2(0)) = (to, 2°)},
ZZTr={(tx) e R tr+2-£>0for any (1,&) € T'}.

K(to z0) Ci (to,ﬂ; ) ?zgﬁﬁm%nai\?ﬁ7
K 00 W& (to,2°) OHAFHIBZEFILT 5.

Levi &4
R(E): S"13&m R(E) € P(C): VT >0,3INp € Zy s. t.
HNER(E); Re A€ [0,T]} < Ny for £ € 5"

25 R(E) & 1 D[ERE.
(L) VT > 0,Vz € R", 3C > 0 satisfying

min{ min [t = 5|, 1}[sub o(P)(t 2, 7,€)| < Chyy(t,7,€)2
SER(E)

for (t,7,€) € [0,7] x R x §"*,

sub o(P)(t,x,7,§) = Pp_1(t,z,7,§) + atarp(t 7, ).



Thm 1 ([W9]). (A-1), (A-2), (H), (D), (L) Z/kE. £D & & Cauchy @ (CP) & C> #
T, 51z
“(to,2%) € (0,00) x R™ and u € C*([0,00) x R™) satisfies (CP),
uj(z) =0 near {x € R"; (0,2) € K .} (0<j<m—1)and f =0 near K .o~
_
(tg, 2°) & suppu

pk(t,€) = (N4, €) = Melt,9))°,
H (T_M]ktg TM‘l‘Z Dltf

1<j<k<m
ZE 2T {Du(t, ) i< 2FEFE. 22T M= (7).
) Dy(t,€) & p(t,7,€) =0 in 7 OHHIA.
Dy(t,6) =1 &BE, £ e SHIZRUT, r(é) € Z, ZIRTER
DM<t f) == DM—T(§)+1(t7€) =01in t, DM_T(g)(t,f) §é Oint
I oI
Ro(€) E {(Re \)as A€ Q, Dyyg(1,6) =0} (&5
CEETDH. TDOLE, BRERS Q ZEBIELT
VT >0, 3Ny € Z. sit.
#(Ro(£)N[0,T]) < Ny for £ € S
DKALT B ( Lemma 2).
S(C R™) W3R
&
INEN, I () eN(1<j<N), 34, CR (1<j<N,1<k<r(j) st
Ajp BERBZEHADERN X ZEIAEFENTCERINLIEST, 2D

N ()

s=U4u

j=1k=1
U(CR™): BREUW, h(t): U TEEI NI
h(t) B U CAARB

&
757 {(t,h(t)) € R* t € U} »EREH
Thm 2 ([W9)). (A-1), (A-2), (H), (D) Z2{KE. 51 n>3 D& E, K rc R ITHLT,
ajot,z) (1<j<m, la|=j,j—1) 1% [0,00) TEREMWTHZLIKETS. TDL E (CP)
O™ EY)73R 51%
(L) VT'> 0, Vz € R, 3C > 0 s.t.

min{ I%H(IE [t — s, 1}|sub o(P)(t,x,7,€)| < Chy_1(t,7,6)"?
s€

for (t,7,€) €[0,T] x R x §"*
NP RVASH



2. Thm 1(+2%FM4) OFEEA

2.1. {EHZE DR, i

2.2. BRI 2OV X — G

2.3. @R 3OV X —FEli2» 5 T 3OV F —FEfi~
2.1. peR, I: R DX[H

a(t,x,&;¢) € Sy 5(I x T*R") uniformly in ¢
def

HCj’aﬁ > 0 s.t. Cj@ﬁ el indep. IS
D] DJoga(t, =, &¢)| < Cjap(€) 7P for (t,2,6) € I x T'R", j € Zy, a, 5 € (Zy)"

kel K el
a(t,z,7,&¢) € Si’{fl uniformly in e
def

K
7=0

aj(t,z,&¢e) € Sig”lfj (R x T*R™) uniformly in e: classical symbol ( polyhomogeneous)
Sio =Sy ST = (S
K'€Z
E (D) &b
30y > 0,3N; € N, 3C;, Cj0: R*\{0} DFHMEELES, Ir; € Zy (1 < j < No), Ipju(t. 7,6) € St
(1<) < No, 1<k <ry), Iyt 7.6) € Sip 7 (15 < No) st 25 < m, pa(t,7,€):
€] > 1/4 T (1,€) 12D WTIEFIR, 361 < bo, UL Cro D 5", Cjo € C; 22

7”j+1

p(t, T, f) = H ﬁj,k(t; T, 5)
k=1

for (t,7,€) € V; = [-201,461] x R x C; with |¢| > 1/4,
{reC; pjut,7,§) =0}N{r € C; pj(t,7,§) =0} =0

ik AL (L€) €V, lg] = 1/4,
OrPjri41(t, 7,€) # 0
if (t,7,8) € Vj, [€§] 2 1/4, Pjpya(t, 7,6) =0

(1< < Ny).
Pik(t, 7€)« Pix(t,7,§) DEZVHI,
p],k(taTa 6) = (7_ - j,k(tag))Q - aj,k(t7 6) ( 1 S k S Tj)’
ajk(t,€) >0, bip(t, &) FEBUHEKE,
ajr(t,€) =0 for some (¢,&) € [—26;,46;] x Ej with [£] > 1/4

© P(t,z,7,8) & t > 30,/2 TEIELT
P@%Jﬁ%zﬂtﬂﬁ—%aﬁmuﬂﬂ (t > 261)
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([W6] &b t>26, D& &, P(t,x, Dy, D,) (2T 2T R F—FliDfF 51 5)
OfEDIFIE L ABRMBIEM 2 R T 721, f(t,7), aja(t,z) (1 <5 <m,|a| < j—1) % EB2HR )
(3/2<2) DIt f.(t,x), aja(t,z;e) (0<e<1) TEBT S (Pt,x,7,8) = Pt,z,7,&¢)).
2T, EAE D(CRY) ITRHLT
fx)eeHD) &L wK: D ®avs pMES, IC > 0,34 > 0 st
|0°f(x)] < CAll(a))*  for a € (Z,)" and 2 € K
fo e EBZH R supp f. C {t >0} D& &

(CP). {m’ v, Dy, Dy; 2)uc(t, 3) = fu(t, ),
suppu. C {t > 0}

& EG2ZHRMH 1B WT, ~BEff u. 2ED. I5HIZ
(to,2°) € (0,00) x R, f. =0 mnear K; o = (to,2°) ¢ suppu.

(eg., [W2])
el0DEE

Ju € C([0,24,]; H*(R")) s.t. u. — u in D'((—00,20;) x R™)
ZRUZWV (e IZ2WT—kk7 (CP), 1269 2 T 3V F —FH i 2572\
D722 IR > 0 s.t. supp, ajo(t, z;6) C{lz| <R} (1<j<m,|a|<j—1) ZIRETS.
R R EH (e.g., [K])

1<j <Ny, (t,z,7,€) € [=361/2,46,] x R* x R x (C; \ {0}), € € (0,1] 12 LT

P(t,x,7,&¢) = Pji(t, o, 7,§56) 0 Pjo(t, o, 7,&6) 0+ 0 Py (L, 2, 7,65 €)
+ R;(t, @, 7,& 8),
Pyt z,m,&¢) € Sf?g’k uniformly in e: EZ Y ARID p; (¢, T,),

R;(t,z,7,&¢) € 8%71,700 uniformly in

. 2 (1<k<my),
m—2r; (k=r;+1),
o(a(t,x, Dy, D)b(t, z, Dy, D)) = a(t, z,7,€) o b(t, z,T,§)

Lemma 1. HCj’k’()(t,$,§>,Cj7k71(t,§) € Sl_,é(R X T*Rn) ( 1 S] < N(), 1 < k < Tj)
s.t.

sub U(Pj,k('§ g))(t, €, bj,k(t7 5)7 €>
= sub o(P(0)) (2, biw(t,€).6)/  [[  pialt.biu(t,).€)

1<I<rj+1,1#k

+ ciro(t, 7, 8)ak(t, &) + cira(t, §)0a;i(t, §)
for 1 <j <Ny, 1 <k<rjand (t,7,§) €[0,36;] x R" x C; with |{] > 1



2.2.
(W4] T m =2 2 DOEBOREE o TRKEFELZVWE 2ok
— BB ORI v ITHUFTH L &, EARBE (1,8 DADEHETEH72DIT, IRD KD

IZE AT,
Op: t =0 TO—EHIRNESHE DD 28+ HBIHA 7 7 IVER
Mo :={(Bj.a(t))j+laj=m-1 € OF; IC' > 0,35 > 0 s.t.
. . o ) J e < 1/2
mln{sg%&) [t — s, 1}‘ Z Ba()T7EY < Chpa(t,T,8)

j+lal=m—1

fort € [0,9], 7 € R and £ € Sn_l}

T M= (",

m—1

My 1% O D QB4 MBET, AR, HIz
3B (t) = (B50(t))jtial=m—1 € Mo (1 < < mp) st

Mo = { D~ (08 (1): cult) € O (1< p <)}

p=1

(L) &9 Fe,(t,z) € C([0,301] x R™) (1 < p < p) s.t.

sub o(P)(t,x,7,§) = icu(t,x)ﬁu(t,ﬂ £),
p=1

min{ min |t — s|,1}*(t, 7,8)| < Chp_(t, T, 5)1/2
SER(E)

for (¢t,7,€) €[0,36,] x R x S*.

ZZT ﬁu@a T, 5) = Zj+|a|:m—1 ﬁﬁa(t)Tjga'

ij S Cj71 < ng & Cj73 S Cj74 < Cji FH#EEE A DFI
1<j< Ny 7% jZ12BEELT. BRAFED j 24T 5
(i.@., Pj7k—>P]€,Cj—>C, Ty — T, )

(), pl6) € Sy

@(@_{1 ?ffecl and |¢| > 1,
0 if&¢Cyor|¢] <1/2,
(€) = 0 if&eCor (¢ <1/4,

|1 i€ oand €] > 1/2

v 2> 1, \I/’Y<€) = \11(5//7)7 90”/(5) =... &BL.
w87 Ak

V. (D,)P(t,x, Dy, Dy;e)u. = Vo (Dy) fe,
P()(0,(D,)u.) = U, f. + [P, 0. Ju.



ZIT [PV,]=PU, -V P T

ST DAL ([KW2))
B>1,A&) := (&) log(1+ (&) T LT

Pop(t,z,7,&¢) = e PO o P(t,2,7,&;¢) 0 P2

EHWnT
Ppa(t,x, Dy, Dy; 8)(€_BA\DVU£) = e_BA\I/7f£ + e_BA[P, U, Ju, = g-(t,x; B)
“o([P,¥,]) @ (essential) support”N{[§| > v} C (C2 \ C1) N{[¢] = 1} C {p(§) =1} &P

e PP, 0] = (D,) P[P, 0]
(Pop)pa(t,,7,&¢) 1 (t, 2,7, €) € [=36,/2,46,] x R" x R x (C\ {0}), € € (0,1] T strictly

hyp. & 0, BRATT 3 )L X — G SRR
@ (Pk)BA(tyantaDac;E) = (Dt_bk(t7Da:))2_ak(ta Dm)+211:0 Pk,l(ta'ert)Dac;g)B) ( 1 S k S

r) W B RT3 L X — P

— B ERZEDO VR 2 5 AN
< Hérmander metric & weight 2 €#& L T, TRILVF X% EH

391
/ ap(t,€)dt for £ €C
0

[N}

ffk(f)

B,
Lemma 2. dmy e N, 3C' > 0 s.t.
Ve e C\ {0}, Imy(€) € Zy, Jag,,(§) € R (1 < p <my(&)) satisfying my(§) < my and

C R (O™ + a1 ()™ O 4oy 0(8)] < ar(t, €) < Cry(€),

0car(t, €)| < Crr(§)
fort e [0,351]
1) R ORFE SIHEH & Weierstrass D PIfiEH 2 H W TRYE 5.
- . 1 if€eCand €] > 1/2,
v SV () = U <1,
(&) € Sip 3] {O e or el < 1/ <Y <

(€N, =\ re(E)T(E)+1 for £ € R”

95,
Lemma 3. s€R, a € (Z,)" {2 LT 3IC,, > 0 satisfying
s—lal

0 [€]5] < Coa (€]l



Lemma 2 T my > 2 EMREL TLL.

po = 2/(mg +2),

wi(t,€) 1= a(t, ) (E) + €],
Wio(t, €) = [ET we(t, )72 + 1,
Wia(t,§)

(Xﬁ! 21841, be(1,€). O)PIE + [€12) (e, )72 4 1.

Wi (t,€) = (U(€)"|0par(t, )1 + [E]77°) fwi(t, €),
Wi2:2(t,€)

~ (UM Vear(t, O + [E13) > (T(€)* | Vean(t, O + [€]7) 7
( mollifier THMZEIE),
Wia(t,€) Zsztf Wi(t, ) : ZWmtf

for (¢,€) € 0,30, x R"
R?" =@ Riemannian metric g; , %
G )W) = [yl + (€], Inl?
TREHETS. Z2ZT0<p<pp.
Lemma 4. (i) Je¢>0, 3C > 0 s.t.
k,p (z+y,£+n) (X) < Ckp (e (X)  (slowly varying),

CHED < [&+nl <CLEN:  (gr,p cont.)
Zf (l’,é), (%77)7 X € RQn; gk,p(x,é)(yan) S &

(i)
9 p o () (= 500 | (1), XD 109 (X)) = [T ol? + I
(iii) 3C > 0 s.t.
Ik (2.6)(X) < CGrp@ryern) (X)L + 97, (¥:m)” (o temperate),
H€+M]§CW Hﬂ+y&@@@mnm (7, g, temperate)

( gk 1& Hormander metric T, [[£]], (& Hormander weight)
Lemma 5. 3C, >0, 3C;, >0 (se R, a € (Zy)") s.t.
D108, )T (E)] < Wiat, )t €).
O¢we(t,)°] < Coqun(t,6)° [E]™ (s €R),

02 Wi (t,6)| < CaWin(t,€) [E]*™ (0< p<2)
fora e (Z)", (t,€) €]0,30,] x R"

E oI Wia(t, &) & uniformly o, gx, ,, temperate int € [0,38;].
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Dyt 6) Y / t Wi(s, €)ds for (,€) € [0,35] x R”
0
Lemma 6. 3C, >0 (a € (Zy)") s.t.

’a?CDk(t, ff)l < Ca(l + log [[f]]k) [[5]];\04!70
for (,€) €[0,36,] x R", o € (Z)"

) Lemma 2 & [CIO] DFEZHWTRES. £/

361

; Wia(s, &) ds < C(1+log[&]l,)

29 DI, (L) 2H05
A>0,7v>1,1eRIZHLT

Ki(t, 6 A, 7,0) = e Ki(t,€ 4,7, 1),
Ki(t,& A, 7, 1) = exp[—A® (¢, &) — 2t log (&), + 21 1og(&),].
LB ZIT ), = (02 + g
0<p<p %5 p%lD[EE.
Lemma 7. 3C,(A,1) >0 (a € (Zy)") s.t.
08 Ki(t, 6 A, 7. D] < CalADEL(E & A7 D €],
fora e (Z)", (t,€) €[0,30,] x R"

I 6z IN(k(t,é; A, v, 1) 1 uniformly o, gi,, temperate in t € [0,3d;] ( Hormander weight)

Y(§) €Sy W(E) =

{1 e Cand 62172, o) e/

0 if§gCor ¢ <1/4,
T F -

it A7, 1) =((Ds = bult, D)o (D) Ki(De — b)) s
+ ((wi(t, Dy) + (log(Dy)y)*)nw, Kithyw) p2(my)
for w(t,z) € C°(R; H*(R})) with w|i<o = 0 and ¢ € [0, 30,
22T Ky = Ki(t, Dy: Ay, 1), D %
D& (t;w, A, v, 1)
= 2iIm (Op((7 — bi(t,€))*)Vyw, Ki(Dy — b )byw) 2o
+ 2iRe (Op(0bk(t, €))byw, Ki(Dy — b )y w) r2(ma)
+i((Dy = b)pyw, (AWi(t, Do) + 2(y + log(Da)5)) Ki(Dy = bi)qw) 12(wy)
— 2ilm ((wy, + (10g(Dq)~)?)1byw, Ki(Dy — by )ty w) 2(ma)
— 1(Op(Grax(t, €)Y w, Ky w >L2 R7)
+i((wy + (log{Dy))?)ihyw, (AW + 2(y +1og( Dy ) ) Kby w) 2wy

9



Z 2T Op(s(t,z,7,€)) :==s(t,x, Dy, D). 7z Im (bpv, Kv) 2mn) = 0 2 WMz,

{(7 = bw(t, €))* + i0:bi(t, €) Y (&)
= [ar(t,) + (Pi)pa(t, 2, 7,6 2) — sub o(Py)(t, @, 7, &5 €) — qi(t, 7, 7,812, B[, (€)

g (t,x, 7,66, B)/log(l+ (€)) € 8117’51 uniformly in e

oz
0En(t;w, A, v, 1) < ||K (Pk>BA"7Z)7UJ||L2 R T ||K1/2W_1/23ub o () w|| 72wy

1/2 1/2 1/2 2 1/2
+ 1K g0 w2y + 12 W 2 [ D 77 w2 gy + 15 (10g(Da) ) 200 w] 3 )

1/2 1/2 71 2
—|—|\Kk/ W, / wy, / Op(atak)wkum(ﬁg)/?

— D)Wi 4 2y +10g(Dy)y — Wit — 2)Ki(Dy — b))ty w) p2(mpn)

2}y ) Jyw, Ky yw )L2 (R7)
XL T

— ((De = be)ihyw, ((A
— (A= 1/2)Wy + 27y + 21log(Dg) ) (wy + (log(D

Lemma 8. x € R, q(t,7,;¢, B) € S7(([0,361] x T*R™) uniformly in e
(K" Wea ) o alt, w62, B) o (K PWil) — gt 2,62, B)) [€])

€ Spo([0,30:] x T*R™)  uniformly in v and e

) W, BMAOERIZED AN ¥ 2 7 ADNBE.
sub U(Pk)(ta T, T, 67 5) = Cb};,o(t €, 5) 5)(7— - bk(t7 5)) + Z 6M(ta x)dk(tv S)ﬁu(ta bk(ta 5)7 g)/|€|m ?
pu=1
+ ceolt @, §)ar(t, §) + cra(t, §)uan(t,§)  for (t,2,8) €

T 2T di(t,€) € 57([0,30] x T*R™), qjo(t, 2, &) € ST o(Rx T*R™) uniformly in ¢, ¢,(t,z) €
< T'R") (1= 0,1).

[0,36,] x R" x C with |[¢| > 1

C>([0,381] x R™), cxu(t, 2, €) € Si([0, 304]

& 3¢, >0,3C(A,1) >0 s.t.
1,2 W P sub o (Po)nw]|amey < roColl KW Pwy * ]2

+ C(A DB (Dy = b ywl3a gy + 15 w0y 20w 2e ey
for t € [0,36,]

1z 3C, > 0, 3C(A,1) > 1 s.t.
t
Ex(t;w, A, 7,1) < / 1Kk (s, D) (Pi) patoywli=s|72 () ds
0

ift €[0,301], A> Co, v > C(A,)
Lemma 9. 3v(B)>1, 3v; >0, 3C,(B) >0, IC, n(B) > 0 s.t

mo ot
3 / e DE(DLY e B0 0] 2o g, d

t
< C(B) / \IG”S(Dz%*’“gs(s,x; B) 22, ds

O (B / e DD N ey |2y

z'fle,leR, N eN, tel0,30], 7> (B)

10



2.3.

o(f) € C¥(R) : @<t>={(1) :‘fim 0,(¢) = O(lél/7)

YUT,jIZOoVWTRELEDLET

mo
3 / e DD (1 — 6,(D)wlms |22 g s
M:

< Cl / ||€_’ys >Z+V1P(t T Dt,D$,5>/LU|t 5||L2 Rn

Z/ le™ 7 DY (D) =10, (D Jwli=s |72y ds
=0

+7_12/ le™"* Di(D Mw|t s||L2 R7) dS}

lfBZV1+1al€Rat€[07361]77270(3)

(t,x,7,€) € [-201,40)] x R" x R X R, [{| <2y D& &
dey > 0 s.t.
|P(t,x, 7 —iv,&e)| = col(7, €)Y
—  ACjkap > 0s.t.

IDEDSOIO P, 2,7 = 17,62) | < Oy )77
for (t,z,7,¢) € [-261,461] x R" x R x R" with [¢] <2y

1 if =6, <t < 36y,
Yo(t) € C®(R) : m@:{ t=r=r0

0 lft§—2(51 0rt2451

&L,
EO(tJ T, T, é? ) €) = XO(t)G“/(g)P(t? T, T — nya gu 5)_17
Ek:(t7 x,T, 57 i é\)
1 -
= - > =Bt 2,7, &7 6) Pay (2,7 — iy, &) Pt 2, 7 —
a!
GE(Z )L |l =k
0<p<k—1
(]g:1’2’...)’
N
EN(tx, 7,6 7)== > Bilt, 2,7, 75€)
k=0
& LT
EN(tx, 7, &) o Pt o, 7 — i7,& ) — xo(t)O,(6)
€ S((@;N*l,go) uniformly in v and e
ZZT

9ot = (d)* + |da|* + ((7,))72(dr)* + (€)7?|d¢|?
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— 3JC({)>0(leR),Iv>0s.t.

m 601 601 B
S / | DI, 02 g it < C(1) / D)7 P(t, 2, Dy, Do )l
n=0

for { € R and v(t,z) € C*°(R; H*(RY})) with v|;<g =0
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