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Let P(x,&) be a polynomial of = (&;,---,&,) whose coefficients ar€”
functions ofx = (xg,--- , X)) € R". We write

P(x, &) = S Pi(x, &),
,; j

wherem = deg P(x,¢) andPj(x,¢) is a homogeneous polynomial of degre
Let us consider the Cauchy problem

(CP) P(x,D)u(x) = f(x) inR",
suppu C {x e R"; x; > 0},

whereD = (Dy,---,Dp) = —i(0/0%q,--- ,0/0%,) and f € C*(R") satisfies supp
f C {xe R"; xg > 0}. We say that the Cauchy problem (CPL® well-posed if
the following two conditions are satisfied:

(E) For anyf € C*(R") with supp f C {x € R"; x; > 0} there isu € C*(R")
satisfying (CP).

(U) Ift >0,ueC®(R"), suppuC {x€R"; x; > 0} and sup@P(x,D)u C {x € R";
X1 > t}, then suppu C {x € R"; x5 >t}.

We assume thay(x,3) # 0, whered = (1,0,---,0) € R". ThenC* well-
posedness implies th&,(x, ) is hyperbolic with respect t§ for eachx € R"
with x; > 0,i.e,, Bn(x, & —id) # 0 for eachx € R" with x; > 0 andé € R" ( see
[Mi]). Therefore, we assume thB}(x, &) is hyperbolic with respect t for each
x € R"with x; > 0.

Ivrii and Petkov gave a necessary condition@3rwell-posedness in [IP], and
Ivrii improved the result and gave the following theorem in [I] ( see, also Mandai
[Ma]).



Theorem 1. Assume that the Cauchy problg@P) is C* well-posed. Let
x0 € R" satisfy £ > 0, and assume that there aresrZ,. (:=NU{0}) and g € Q
(1<j<nsuchthatg>0(1<j<n), 14+ >qj(2<j<n)and

Rt (€, en) 0,
Prgw?f)i)(xoﬁn) =0 if (I+ay)|al+(a.B—a)<r

Where e denotes the n-tuple vector whose k-th componentis eqagaktol <k <
n), P ( &) =07DLP(x.&), q= (01, ,Gn) and (g, B—a) = 311 q;(B; — 1))
for a = (01, - ,0n),B=(B1, - ,Bn) € (Z+)". Then

PO 5 0C.n) =0 if (1) (s+[at]) + {0, B —a1) <1

(a’)
Remark. We note thaP S(ﬁ)(

(X, en) #0, whereP (x §) = °>>(x,s).

We shall prove the above theorem, repeating the same argument as in the first
part of the proof in [Ma] and, then, applying the idea used in [W].

Now we assume that the hypotheses of Theorem 1 are fulfilled. From Banach’s
closed graph theorem or the Baire category theorem we have the following lemma
(seee.q, [IP]).

€00 £0if 0= (o o0 € (2, andP,’ )

Lemma 2. Let K be a compact subset &k € R"; x; > 0}. Then there are
{ = /g € Z, and C= Ck > 0 such taht

u(x")| <C sup sup|DF(P(x,D)u(x))|

IBI<€ xq<xd

if x! € K, ue C¥(R") andsuppu C K.

Let & > 0. We make an asymptotic change of variables

y=p%I(x—x0) = (p°%(xy =), ,p°% (%, =) (p>1).
PutP,(y,n) = P(X° + p~°%, p%9n). Then we have

B
/ —y (a’) a’ ,.m—s—|a’|
) = pHEa R 2P Tl o 0%, en)n®
’ 0<S<m,aZe(Z+)n1 a/!B! m-s(B)
Be(Z+)™ u(s.a’,B)>—N

+p NRu(Y,n;p)
= Qn(Y:1;0) + o NRu(Y,1: P),



whereN e N, n@ =nf...n"Yfora’ = (a1, ,0n-1), q = (1, ,qGn_1) and

H(s.a',B) = 6(d,a’— B') + don(m—s—[a’| - Bn).

Write
Ru(y,n;p) = Ru,a(Y;0)n°.

|a|<m

Then for anyN € N andW < R" there are€Cy g > 0 (B € (Z4)") such that

IRu,a(p)(Y;P)| <Cywp foryeWandp > 1.
Put
M={(sa’,B); L<s<m, (L+aqu)(s+|a’])+(a,B)—(d,a") <r
andprswoi(ﬁ)(xoa%) # 0}

By assumptiot is a finite set. Note thdts, a’,3) e M if a = (a’,ap), 1 <s<
m, (14+a1)(s+|al)+(a,B—a) <r andPéfs(B)(xo, en) # 0. So, in order to prove
Theorem 1 it suffices to show th2it = 0. Now suppose that = 0. Define

go=maxe; € >0and(1+aq)(es+a’|)+(q,B) —(d,a’) =r
for some(s,a’,B) e M} (> 1),
Mo = {(s.a’.B) € M; (1+a1)(gos+a’]) +(a,B) — (d,a’) =r}.

Then we have

H(SJ alaﬁ) = U(Sa a',B)+m—S— ’C(/| +0|a/|
=Ho+(r—1]a')(1-0—-38(1+0q1—0n)) +S{O((1+0q1)€0— ) — 1}
for (s,a’, B) € Mo,

wherepo = (6q1+ 0)r + (1+0qn)(Mm—r). We choos& > 0 ando > 0 so that

0(1+01—0n)=1-0, O((1+0a1)eo—0an) =1,

0=((1+d)eo—an) " 0= (1+01)(e0—1)((1+0u)e0—0n) ™

Note that O< o < 1. By this choice we have the following:

(i) f(s,a’,B)= o for (s,a’,B) € M.
(i) f(s,a’,B) < uo for (s,a’,B) € M\ M.
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(“I) [1(8,(1’,[)’) < Ho
if1 <s<mand(1+qu)(s+[a’|)+(a,B) - (d,a’) >
(iv) [(0,a",B) = o if (1+aqu)la’[+(q,B)—(q,a’) =r.
(V) f(0,a",B) <o if (1+aqu)la’[+(q,B) —(d,a’) >r.
Put

My = MoU{ (0,0, B); (1+¢)la’|+(, B) — (f,a’) =r andRe) (x°, ) # O}.
Then there iy > 0 such that foN > 1 andy € R"\ {0}

1) Qu(Yypen+p%n;p) = pHo{y™ " d(y,n’;y) +p Prn(y,n:p,y)},

where
yr_‘a/‘—syﬁ

a’) 0 a’
P T TS U
gt ) 1

y,n"sy) =
Herern(y, n; p,Y) is a polynomial of(y, n, y) and its coefficients are bounded for
p=>1

Lemma 3. (i) If (s,a’,B) € My, then(s,a’,B) = (0,re},0) or a1 +s<r,
where ¢ = (1,0,---,0) € (Z,)" L. (i) There aref e R", ) € C" x (R"2\ {0})
andy € R\ {0} such that); > 0ifx{ =0, Im f; < 0and®(y,i’;y) = 0.

Proof. (i) Let (0,a’,B) € M1. Then we have

n-1

a1+(a,B8) + ;(1—1—(11—0]])(1] =T
=
Since 1+q1 > qj (2< j <n-1), we havea; <r if z?;%aj +|B| #0. By
assumption we hav@, re,0) € 1. Moreover, if(s,a’, B) € Mo, we have
a1+s< (1+aq)(s+|a’)+(a.B) —(d,a’) <r.
(ii) Put

0 =max{(e—1)(L+aq)s/(r—a); (s,a’,B) € Mo} (> 0),
M ={(s,a’,B) e My; 6(r —a1) = (&o—1)(1+q1)s}.

Note that
(2) (0,a’,B) e M ifand only if a’ =rej andp = 0.
For w > 1 we have

d(w %, win’; wlthy)



wv(s7a/7ﬁ) r , ’ ,

= W rld | =s Bpla’) 0 a

= y NP o (O en)n

(570,%6% a1 B! m-s(B)

whered= (g1 + 6,0z, - ,0n) € R"tandv(s,a’,) = (1+aqu)(r —|a'| — ) —
(9,B) +(q,a’) + Baz. Since

v(s,a’,B) =—{(1+q1)(gos+]|a’|)+(a,B) — (d,a’)}
+(&—1)(1+0q1)s+ (14 aqu)r+ 6as,

we have
. H / /
V(S,CY’,B) _(q1+6)r If (Saal7ﬁ)em7 /
< (qu+0)r if (s,a’,B) €My \ M.
Putting
Y la’|— SyB " o
Oy(y,n';y) = L2 p) o en)n®
(s,a’,B)em’ al!B! m-sf)
we have

C])(w_Qy’ wqr’/, wl-i-qu) — (q1+9)l’( (y’ r’/. y) + 0(]_)) asw — oo,

yran- Syﬁ a’ o

q)l(y,rIl,VnWiV): a/'B' (B)<X Q’])” r’l )

(s,a’,B)eM

wheren” = (12, ,Nn-1), &' = (a1,a”) € (Z;)" L andn®" = n©@a"0_ |t
follows from the assertion (i) and (2) that

r-1m

D1(y, 1, yn";y) = P O, en)nf/r! + Z)Z V' IoA sy n"nd,
1
r—2>r—s—1>j if Ajs(y,n") #0.

Chooseye R", /1" € R"=?\ {0} and j*,s* € Z, so thaty] >0, 0< j* <r —2,
1<s" <mandAj«(¥,/7") #0. For example, ify € R\ {0} and|y] is suffi-
ciently small, then the equatiahy (¥, n1,yn"';y) = 0 in n1 has a root with nega-
tive imaginary part foy > 0 ory < 0. Indeed, puttingge = min{(r—j—s)/(r — j);
A s(¥,17"") # 0}, we have O< k < 1. Moreover, the roots 6b1 (¥, n1, yi";y) = O
in N1 can be expanded in Puiseux series with respgeatad®; (¥, n1, yi™;y) =

in N1 has a roo); = ay*(1+0(1)) asy — 0 witha # 0. In particular, there are
y € R\ {0} andf; € C such that Imf); < 0 and®4 (¥, 71, yR"’; ¥) = 0. This proves
the assertion (i) withw > 1,y = w™ %, 7’ = &9(f1, ") andy = w4y O

From Lemma 3 there ang®” € R"2\ {0}, an open neighborhodd of n°”,
p € N and real analytic functions(n”’) and®(n1,n"") defined forn” € U such
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that 1< p<r, Im 1(n") < 0, ®(n’) is a polynomial ofny, ®(1(n"),n") # 0
and

®(§,n1,n";9) = (M —1(n"))P(n’).
Let ¢ (x) be a solution of

g_j)l =1(Oprd (), SLY) =" =9") - n®"+ily' =%

in an open neighborhood of ¥, wherey = (Y, yn) = (Y1,Y",¥n) = (y1,Y"). Wi
may assume tha&ff+p‘5qu1 >0ifyeV andp > 1. Up to this point the proof
is the same as in [Ma]. It follows froB3 of Chapter VI of [T] that

(9,0~ 7D’ V) (expip? ¢ (Y)]u(y))
=expip?9(y)] $ (9. 0p0(y); )N (v, Ds p)u(y),

la’'|>p
Nar(y,D'; p)u(y) = p~ 11 [DE (explip? Wy, W) ]u(W ,yn))lw—y/a’l,

whereD' = (D1,---,Dn_1), D = D@} --- D} andW(y,w') = ¢ (W, yn) — 9 (y)
— (W —y)-(Oy9)(y). Itis easy to see that

Na(v,n'ip)=p 2" In"/a"t+ 5 p~7Ploy p(y:p)n?,

Bl<a/

b, B’(ﬁ)(y;p)‘ <Cyp ﬁpfo(la’l—\B’I—[(Ia’l—\ﬁ’l)/ﬂ)’

b g (y;0) =0 if [a'|—|B'| =1 andB’ < o
fory € V, where[a] denotes the largest integera. Now we make an asymptotic
change of variables, again:

z=p%(y1—%1), Z'=p?%y' 7",
whereg /2 < 01 < 0. Puty(z,p) =y+ (p~%z,p~9/37") andd(z,p) = ¢ (y(z
p)). A simple calculation yields
(3)  OF,p D1, p273D"; y) (explip? b (z p)]V(2)
=expip?d(zp)] 5 (G, (Oyd)(y(zp):7)

la’=p
!/ " !/
v {p—a|a |[+o1a1+0]a \/3Da V(Z)/CY'!

+ Y p oFlrobitolB By, o (y(z p); p)DF V(2)}

Bi<a

= expip?9(z p)]p PO {0 (g, 7(n%"),n%"; y)DIv(z) /p!
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+p o ; ca'(Zp)D¥V(2)},
lo’[<po

Car()(ZP)| < Car

for ze R" with y(z p) € V, wherepp = deg, @(y,n’; ¥) andé, = min{o /3,0 —
01,201 — 0,01 — 0/3}. Indeed, we have

p(o —o1) —ola'|+ o1+ o|B”|/3+o[(|a’| - |B])/2]

—(la'| =p)(g—01) —(|a'| = |B'|)(01—0/2) — (01— 0/3)|B""|
—(201-0) if[a|>p B <a’and|f'| <|a'| -2,

p(o—a1) —ola’|+o1a1+ala™|/3
—(la'| = p)(cd—01) — (01— 0/3)|a

IA A

///|-

PUtE(z,p) = expliypt9/%z,] and

Po(z,0) = P+ p~%%(z p), p%%(p?21,p7/37"))
(=Po(Y(zp),p"21,p°3")).

Then we can write
Po(z,{) = Qn(z p%Z1,p°3¢";p) +p NRu(z, 071,073 p).

HereR(z,Z;p) = z|a|§m§N,a(z;p)Za and for anyW € R" there areCy g > 0
(B € (Z+)") such that

IRv.a(p)(ZP)| <Cywp forze Wandp > 1.

LetW be an open neighborhood of OlRY, and choos@ (W) > 1 so thaty(z p) €
V forze W andp > p(W). Then we have

Po(z,D)(E(z p)expip? ¢ (zp)V(2))
= E(z0){Qn(z Jpen+ (p?D1,p?/°D"); p)
+p NRu(z Jpen + (p%D1,p%/D"); p) }explip? ¢ (z, p) V(2))

forze W andp > p(W). By (1) we have
QN (z Joen+pn;p) = 7™ pH{ (9, 0" §) +p~ Bin(zn:0)},
wheredy = min{d, 0/3}. Since 0< 01 < 0, this, together with (3), gives
Qn(z Jpen+ (p7D1,p°/°D"); p) (exrlip® 9 (z p)IV(2))

7



— expip® ¢ (z p)]merp*p(0*01)+H0{aODEV(Z)/p!
+p % > Car(z0)D V(2) + p~ & HPIO-t (2 D; p)v(2)}

la’[<po

for ze W andp > p(W), whereag = ®0)(y, 7(n%"),n%") ( + 0). Herer(z;
p) is a polynomial of¢ of degreemand has the same properties o> p(W) as

Rn(z,{;p). Now let us choos&l € N andoy > 0 so that
N> p(0—01) — to+m+ 4y,
01 =max{20/3,0 - &/(p+1)}.
From Lemma 2 it follows that there afec Z, andC > 0 such that

(4)  |u(0)| <C sup suppCutolpi+3d.B)+0lB"I/3|pPB, (2 D)u(2)|
|B|<t <0

forue C5(W) andp > p(W). Sinced, < 0 — 01 < &y — p(o — 01), we have

Po(zD)(E(zp)explip?¢(z p)V(2)) = E(z p) explip® ¢ (z )]
x §Mrp Pl oU TR (gD V(2) /pt — p % H (2, D; p)V(2)}

forze W andp > p(W), whereH(z ¢; p) is a polynomial of¢ of degreem and
has the same propertiestdg, Z; p). We define{uj(z p)}j-o0,1.2... by

Uo(zp) =1,

Diuj(z p) = a;"H(z D; p)uj-1(z p),
DXuj(0,2';p) =0 (0<k<p-1),
(i=1),

forze W andp > p(W). Note that
IDPuj(zp)| <Cjp forzeW, p>p(W)andB € (Z4)".
Itis easy to see that

d)(z;p) _ p—0/3zl// . I‘]OW-I—ip_20/3|2”|2+p_011'(r]0m)21—I-O(p_al_a/s)
asp — o,

Im p%¢(zp) > (07 Im 1(n°")z1+ p%3|Z'?)/2

for ze W with z < 0 andp > p(W), modifying p(W) if necessary. Lex(z) be
a function inCy' (W) such thaty(z) = 1 near 0, and put

M-1] 5
(zp) = ~Huj(zp)x (@)
um(zp j;p uj(zp)x(z
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for p > p(W). Then, by standard arguments we have

sup p(5Ql+Ul)Bl+5<q//7ﬁ,,>+O’|B”‘/3
7 <0, |B‘Sé

x |DP{P,(zD)(E(z p) expip®d(z p)]um(z p))}
<Cup' Mo <cyp™t if M& > 1+v(¢) andp > p(W),

wherev({) = —p(0 —01) + (1 +01)(r +¢) + or + 01l + (1+ &0n)(m—r). On
the other handyv (0;p) = 1, which contradicts (4). This proves Theorem 1.

References

[l V. Ya.lvrii, Cauchy problem conditions for hyperbolic operators with char-
acteristics of variable multiplicity for Gevrey classes, Sib. Mathld.
(1977), 921-931.

[IP] V. Ya. lvrii and V. M. Petkov, Necessary conditions for the Cauchy prob-
lem for non-strictly hyperbolic equations to be well-posed, Russian Math.
Surveys29(1974), 1-70.

[Ma] T. Mandai, General Levi conditions for weakly hyperbolic equations -An
attempt to treat the degeneracy with respect to the space variables-, Publ.
RIMS, Kyoto Univ.22(1986), 1-23.

[Mi] S. Mizohata, Some remarks on the Cauchy problem, J. Math. Kyoto Univ.
1(1961), 109-127.

[T] F. Treves, Introduction to Pseudodifferential and Fourier Integral Operators
II, Plenum Press, New York-London, 1980.

[W] S.Wakabayashi, Remarks on hyperbolic systems of first order with constant
coefficient characteristic polynomials, preprint.



