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In the studies of partial differential operators we frequently need to know
asymptotic expansions of the roots of the equations of pseudo-polynomials with a
small parameter. So we shall give a basic result on it here.

LetU be a non-void open subsetR&f, and letn(j) € ZU{e} anda(s,n) €
C*((0,1) xU) (0 < j < m) satisfy the following:

(i) If n(j) <o, thenthere are; k(n) € </ (U) (k> n(j)) suchthag; ;) (n) #

0 and

(1) aj(sn)~ Y ajk(n)s¢ inUass|0
k=n(j)

Here (1) means that for any compact subiéetf U andN € N (= {1,2,3,---})
there isCk n > 0 such that

N—1-n(j) _
aj(sm— Yy ajyk(n)sk‘ <Cx NSV forse (0,1/2) andn €K,
k=n(j)

wheres7 (U) denotes the set of all real analytic functions defined in
(i) If n(j) =, thenaj(s,n) = O(s”) in U ass| O, i.e, for any compact
subseK of U andN € N there isCk n > 0 such that

laj(s,n)] <Ckns' forse (0,1/2] andn € K.

We note thatj(s,n) :=aj(sn) (0 < j < m) satisfy the above iU is star-
shaped with respect to the origin aadn) € C*(U) (0 < j <m). We assume
that

(A) n(m) < co.



Let

m

pit,sn) = aj(sn)t),
2,7

and putU’ := {n € U; amnm(n) # 0}. Then for each compact subsétof U’
there ared € (0,1) andtj(s,n) (1 < j <m) defined in(0, &] x K such that

m

p(t,s,n) =am(s,n) ]'L(t —Tj(s,n)), am(s;n)#0
=

for se (0,] andn € K. Note that{Tj(s,7)} is uniquely determined as a multi-
valued function:(0, | x K > (s,n) — {1j(s,n)} € #(C), whereZ?(C) denotes
the power set of.

Theorem. Rearranging{Tj(s,n)} if necessary, there ared\L € N, ¢ (n)
S d(u(kfl)) (1 < k< Np) with U(O) =U and U(k) = {l’) S U(kfl); ¢(k)(r7) 7& 0}
(1<k<Ng),reNwithi1<r<m, j,eN(pu=12---,r—1)with(0<)j1 <
jo<-<jri<mandu(kl) e Z and 1 (n) € &/ (Upy) (L <k<rand
| € Z, =NU{0}) such thatYyy CU’, ¢ (n) Z0, u(k 1) < p(k1+1) (1 €Zy)
and

[oe]

Tjw 1+i(S,0) ~ Z)TkJ(’?)S“(k")/L inUny) ass| 0
|=

(1<k<randl<i< jk— jk-1), where p=0and j =m.

In the rest of this note we shall prove the theorem. In doing so, we need the
following

Lemma. Let bj(n) € &/ (U) (0 < j <m). Assume thatdin) # 0, and put

q(t,n) := bo(Mt™+ by (Nt™ 1+ +bm(n).

Then thereigh(n) € <7 (U) such thatp (n) # 0and ky(n) # 0 and the multiplic-

ities of the roots of (f,n) = 0in t are constant fom € U, Whereg ={neyu;
#(n) #0}. Moreover, thereare e Nwith1<r <m,1(n) € & (U) and nk € N
(1<k<r)suchthat

r

a(t,n) = bo(m) (¢~ ()™ forn ey,
=1

Tj(n) #T(n) forneUifj#k.

Proof. Note thate(U) is an integral domain, and denote 1% the quotient
field of o7 (U). We write

qt,n) = c(m)aa(t,n)*---qu(t,n)*,
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wherec(n) € %, qj(t,n) € Z[t] (1< j <v), degqj(t,n) > 1 and thegj(t,n)
are mutually prime in[t]. Put

Q(L’?) = Q1(ta’7)"'q\/(t»'7),

and denote byR(n) the discriminant of the equatioQ(t,n) =0 int, i.e, the
resultant ofQ(t, n) and(dQ/dt)(t,n) as polynomials of. Then we hav&k(n) #
0. SinceR(n) € %, thereisY(n) € &/ (U) such thatp(n) # 0 andy(n)R(n) €
</ (U). Putting¢(n) := ¢(n)R(n) we can prove the lemma, since the roots of
Q(t,n)=0int are all simple ifp € U andR(n) # 0. O

() Put

re=chl U {i}x[n(i).)].
0<j<m
n(j) <o

where clfA] denotes the convex hull
of A. T is the Newton polygon of
p(t,s,n) with respect to(t,s). Later

we shall also treat a slightly differ-
ent kind of Newton polygons. Let
(j(k),v(k)) (k=0,1,---,r(0)) be the vertexes df arranged as follows;

JG0) =m

0(=j(=1) <j(0) < j(1) <---<j(r(0) =m

Note thatv(k) = n(j(k)) (0<k<r(0)). We denote by(0), 1(1), ---,(r(0)+1)
the sides of, i.e, |(0) is the half-line connectingj(0), ) and(j(0),v(0)), I (k)
is the segment connectig(k—1),v(k—1)) and (j(k),v(k)) (1 <k <r(0)),
andl(r(0) + 1) is the half-line connectingm,v(r(0))) and (m,«). Denote by
—k (k) the slope of (k) (1 <k <r(0)) and putk(0) = c andk(r(0) + 1) = —co.
Moreover, we define
ptn)i= S apmt Y (1<k<r(0),
(1,n(1))el (k)
Yoy (n):= T[] ajwvwr) (£0),
0<k<r(0)
j(k)#0
Uy = {n €U; Yo)(n) # 0}

(i) (the casej(0) > 0) Rearrangindtj(s,n)} if necessary, we have

2) Tj(sn) =0(s”) InUyass|0(1<j<(0)),
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i.e., for any compact subsé&t of U(’l) there areCx Ny > 0 (N € N) such that

Tj(s,n)| <CknSY forl<j<j(0),NeN,sec (0,&] andn K.

Indeed, chooshl € N so thatN > k(1), and put

9(X,s,1) = aj(g)v(0) (MX,
fn(X,5n) =5 NOVOpNX s n).

Since miN(g)<j<mN(j = j(0)) +n(j) — v(0) > 0, for any compact subs&t of
U(’l) there isCk n > 0 such that

‘fN(Xvsan) _g(xasan” SCK.,NS

if XeC, |X|=1,0<s<1/2andn €K. Sothereigk n > 0suchthatx n <1/2
and

|fN(X757’7) —g(X,S,r])| < |g(xas7n)|

if XeC, |X|=1,0<s< &n andn € K. Therefore, Roudkls theorem implies
that there are exactly(0) roots ( counted with multiplicities) of the equation
p(sVX,s,n) = 0 with respect tX in the set{ X € C; |X| < 1} if 0 < s< & n and

n € K. This proves (2).

(i) Let1 <k<r(0), and apply Lemma t@y(t,n). Then there ars(k) € N,
F;ﬁo)(n) € &/(U) and 1y () € #/(U(y)) andm(k, j) € N (1< j < s(K)) such
that

S |
@3) pu(t,n) = | (t—1ie}, ()™ inUg),

T((f,)i)(m#rfﬁ)j)(n) forn e Uy if i # j,

where

r(0) 0
$1)(n) = Yr)(n) |_|1Ru (n),
IJ:
U =1{n €VY; ¢1(n) #0}.
Note thats °*) m(k, j) = j (k) — j (k—1).

(iii) Put
Ar={(k,])eN% 1<k<r(0), 1< j<s(K)}.



Itis obvious thai(1,1) € Ay andj(0) + 3 gea, M(@) =m. Fora = (k, j) € Ay we
put
K(a):=k(k), j(a):=jk and v(a):=v(k).

Moreover, we put

A(s,n) ={11(s,n),---,Tm(s,n)} (counting multiplicities)
A A (1)+M if
B'(\)A(S,g) — { EC1| ‘<SK g} I J(O)>07
0 if j(0)=0,
Ba(s,n;€) :={A €C; |s"(“)ré0)(n) — A < s€@gy,
where(s,n) € Ukeu(0,] xK, M €N, € >0 anda € A;. Here, for two subsets
AandBof R" A € B means that the closufeof A is compact and included in the
interior B of B. Now we shall prove that the following proposition P(0) is valid:
P(0):

(1)o ForanyK e U there aregx > 0 andsg > 0 such that the seB(l)(s; &)
andBq(s,n;&k) (o € Ap) are mutually disjoint for € K ands € (0, s¢].

(2o ForanyK e Ug,MeN ande € (0,&k] there issk ¢ m € (0,5«] such that
BY (s; €) exactly containg(0) elements of#(s, ) ( counted with multiplic-
ities) andBq (s, 1; €) exactly containsn(a) elements of4(s,n) ( counted
with multiplicities) (a € Ap) for n € K ands € (0, ¢ m].

Bo  J(0) + Y gea, M(a)=m.

LetK € U(y). By the definition of{réo)(n)} we haver(g,o)(n) # 0 forn e K.
Sincek (1) > k(2) > --- > Kk(r(0)), the assertion (b of P(0) easily follows. In
(i) we proved the assertion )@for BY (s;€). Leta = (k, j) € Ay, and define

F(X,51) := s @I@O=V@ (@ (1 () + X),5.1)
for (X,s,n) € Cx (0,1) xU(y). Then we have

£(X,50) = pe(T (M) + X, n) (T () +X) 16D 4 /Mgy (X,5,1),

whereL (1) is the smallest positive integer satisfyib@l)k () € Z ( B € A1) and
da (X,s,n) is a polynomial ofX of degreem whose coefficients are i@([0,1) x
U(y)). From (3) we have

P(Ta” (1) +X.1) = 0,00 (MX™ T (Xt () = T, ()™,
1<u<s(k)
U#]



This gives

f(X,5,n) = g(X,n) + XM+ (X, n) +s¥Vgq (X,s,1),

where

90%,1) = 2.0 (MTe” (M VXD ] (17 () =10, (m)™H)
1<pu<s(k)
U]

andh(X, n) is a polynomial ofX of degreglm— m(a) — 1) whose coefficients are
in C(Uy)). Therefore, there isp > 0 such that for ang € (0, & there isd ¢ > 0
satisfying

‘f(xasvn) —g(X,S,I’])l < ‘g(xasvn)’
if XeC, [X|=¢, 0<s<d,¢andn K. It follows from Roucle’s theorem
that the equatiorp)(sK(“)(ré,o)(n) +X),s,n) = 01in X has justm(a) roots inside
{X €C; |X] < &} (counted with multiplicities). Define

p?(t,s n) = s K@@~V b k@) (T (n) £ 1), n)(= f(t,5N)).

Let us repeat the same argument, replagittgs, ) with p?(t,s,n) and so on.
(I) Let1 < u <N, and assume thgtay_1;0) € Z andk(ay—1;1) > 0 for
ap-1 € Ay_1, Ay (CN?H), Uy (CUgiq), j(ay) € Zy, v(ay) € Z, and
K(ay) >0 foray € Ay, L(u) €N, " (n) € o (Uy) andm(ay—1,a) € N
for (au_1,a) € A, are determined so thatay,_1;0) = j(0), k(au—1;1) = k(1)
andrg“‘l(r;) = T((,O)(n) andm(ay_1,a) =m(a) fora € Aywhenu =1,L(u) is
divisible byL(u —1), L(u)k(ay)/L(u —1) € Z for ay, € A, and the proposition
P(u — 1) below is valid, wheré.(0) = 1. Put

{AeC; [ghorsf@riniin) — A
< SK@u-1)+(K(au- 1 DHM)/L(-D) g}

if j(au—1;0) >0,
0 if j(ay—1;0) =0,

B'\aﬂu,l,o(s’ ne) =

foru>1,ay=(a®,a@, ... .aW)eA;, MeN,s>0,n eV ande >0,
wherea, = (aV,... .aV)) (1<v <p)andk(ay) =5hH_ k(ay)/L(v—1) for
ay=(ab,.--.aW) e Ay Forp=1weputBY (s n;e) =By (se). Define

H .
Z SK(aV)ng’V—)l(n) Al < SK(aIJ)S}

v=1

Ba,(s,1:€) '={A €C;




foray = (a®,---  a®)) € A,. We assume that the following propositionuP{
1) is valid:

Pu—1):

(1)p-1 ForanyK €U, there areex > 0 andsc > 0 such that the se&&v’o(s, n;
ek) andBq, (s,n; &) (ap = (a®,-- JaW)ye Ay, 1<v < panda, =
(a®,... aV))) are mutually disjoint for; € K ands € (0,s].

(2)u-1 ForanyK €U, M € Nande € (0,&] there issc ¢ m € (0,5] such
thatB'g,"VVO(s, n;€) exactly containg(ay; 0) elements of4(s,n) ( counted
with multiplicities) andBq,, (s, 17; €) exactly containsn(a,) elements of
2(s,n) (counted with multiplicities) fon € K ands € (0,sk ¢ m], where
ay = (0(1)7... ,a(ﬂ)) c AIJ’ O<v<u-1landa, = (a(1)7... ’a(V))_

(3)“71 J(O) +ZGGA1 J(a’ O) + T +Zau71eA“,1 J (allfl; 0) +ZaH€Aﬂ m(aIJ) =m.

Foray = (aW, ... .aN)) e Ay we define

M)

N ~ ~
P (t.sn) =5 O Wp( Yy W)+ W s ),
=
Wherea“ = (C((l),--- 7a(lJ)) c AN (l1<pu<N-1)and

N
o(an) := Zl(K(au)i(au) +v(ap))/L(p—=1).
IJ:

Write

m

piN(tsn) =Y a™(s it
27
Then .there arel(aNo;{j) € 7 U{w} andai’l“((n) €Uy (0<j<mk>
n(an;j)) such thaajyn(aN;j)(n) # 0 and
asn)~ Y almst™ inuy ass|o,

k=n(an;j)
if n(an; j) < e, and
a™(s,n) =0(s”) inUy,ass|O,
if n(an; j) = . Put

Fav:=ch| U {(in(an; )} +(®D?,

0<j<m
n(an;j)<e



whereR, = {A € R; A > 0}. Let (j(an;k),v(an;K)) € (Z,)? (0<k<r(an))
be the vertexes df 4, arranged as follows;

0< j(an;0) < j(an;1) <--- < j(an;r(an)) =m(an).

flani0) an:T (an)) = m(ay)

j(an;1)
We denote byt (an; k) the segment connecting (an;k—1),v(an; k—1)) and
(j(an;K),v(an; k) (L <k<r(an)). Denote by—k (an;k) the slope of (ay;K)
(1<k<r(an)). We note thak (an;k) >0 (1< k <r(an)). Define

PN (t,n) == S @l MUY (1< k<r(an)),
(J:n(an;J))€l (ansk)
w(N)(n):: I—l |_| a?('\;gN;k),V(ﬁN;k)(n) (_f 0)7
BneAN 0<k<r(Bn)—-1
j(Bn;K)#£0

Ulnga) = {n €Ynys vy (n) # 0}
(i) (the casej(an;0) > 0) For anyM € N we can write

paN (S(K(aN;]-)'i"\/l)/l-('\l))(7 S, r’)
— gl(k(an;1)+M)j(an;0)+v(an;0)}/L(N)

X {860 w a0y (WX N+ $THE GG o(X,5m)}
HereL(N+ 1) € N is the smallest positive integer such thaN + 1) is divisible
by L(N) andL(N + 1)k (Bn;K)/L(N) € Z for any By € Ay and 1< k < r(Bn),
and q'\a"N’O(X,s,n) is a polynomial ofX of degreem whose coefficients are in
C([0,1) x Upyy). From the same argument as in (I)(i) and Raisttheorem it
follows that for anyK € Uy, there isex > 0 such that for ang € (0, &k] and
M € N there iss¢ ¢ m > 0 satisfying the following:

O BI\aAN.O(S7 n; &) contains exactly(an;0) elements of4(s,n) ( counted

with multiplicities) forn € K ands € (0, S« ¢ m].

Let 1 <k <r(an), and apply Lemma to the equatigf™(t,n) = 0 in t.
Then there ardR™(n) € #/(Uyy)), s(an:k) € N, and T&Nj)(n) € o (Unt1))
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andm(an, (k,j)) € N (1< j < s(an;k)) such thata™ (k). (e )(n) # 0 for
ne U(N+1) and

an:k

P (1) = a0 w(anio [| (=18 ()™ D) in Uy,
Taeh (M) £ 105, (n) - forn € Uy if i # J,
where
r(Bn)
(M =un(n) 1 T] Rﬂ’\‘(n),
BneAN H=1

Un+1) = 1{n €Uny dns1)(n) # 0}
Put
Angii={(an, (k) e N2N+HD: gy e Ay, 1<k <r(ay)and 1< j < s(an;K)}.
Since(an, (1,1)) € An+1 if an € Ay, we have
(4) HAN < H#AN1 <M,
where #y denotes the number of the element®\Qf Moreover, it is obvious that
(5) r(an) =s(an;1) =1 foranyayn € Ay if #Ay = #An41-

Let an € Ay andaND = (K, j), and assume thaly, 1 = (an, a N ) € Ay,
Write

K(ant1) = k(an;K), j(ant1) == j(an;k), v(ani1) :=v(an; k).

We have

N-+1

o(an+1) (ZSK% _|_SK0!N+1XS,7>

— g (k(an; k)J(dN K)+v(anik)/LIN) pan (< (anK)/LIN) (7O () +X),s,1)

a(N+1)

= P (TN (1) X, M) (TN gy (1) + X)) UHNF g (X s,)
aj(aN K).v (aN;k)(n)xm(aN+l)(Tg?‘N+1)(r’)+X)J(C{N;k_1)
§ Q (X () = 7g, ()M i) E N+ ge (X, 51),
1<u<s(an;k)
HF]



whereqq,,,(X,s,1) is a polynomial ofX of degreem whose coefficients are in
C([0,1) x Uny1))- By the same argument as in (1)(ii) and Roéththeorem we
can prove that for anK e U(N+1) and € € (0,&] there issc ¢ > 0 such that
Bay.1(S,11; €) contains exactlym(an,1) elements of#(s,n) for n € K ands e
(0,s« ¢], modifying &k if necessary. This implies that the propositioNpPis valid
foranyN € Z,.. From (4), (5) and (B in P(N) it follows that there ifNy € N
such that

#AN =#AN,, J(an;0) =0, r(an)=s(an;1l)=1 forN > Np.

Note thatyn(n) =1 andR{™(n) # 0in U for an € An if N > No. Moreover,
we havel (N) = L(Np) for N > Np. Indeed, we have

pgN (tn)= Jq(NaN;l)N(aN;l)(n)(t B Tglrjll)(n))m(awl’l))’
Ani1 = {(an, (1,1)) € N2NHU; g € An}
for N > Np. Therefore, we have

(J;n(an; j)) € l(an;1)  (0<j < j(an;1)(=m(an,(1,1))),
K(an;1) =n(an;0) —n(an;1) =---=n(an; j(an;1) — 1) —n(an; j(an; 1))
eN

for N > No, which yieldsL(N + 1) = L(N) for N > Np. This, together with RY),
proves the theorem.
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