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This note is a supplement to [W]. Let U be a non-void bounded open

subset of Rn, and let m ∈ N and aj(s, η) ∈ A([−1, 1] × U) ( 0 ≤ j ≤
m − 1). Here f(η) ∈ A(Ω) means that f(η) is a real analytic function

of η in a neighborhood of Ω, where Ω ⊂ Rn. We may assume that U

is connected. Put am(s, η) ≡ 1. Since U is compact, there is δ > 0

such that the aj(s, η) can be regarded as analytic functions defined in

a neighborhood of V ≡ {(s, η) ∈ C × U ; Re s ∈ (−1 − δ, 1 + δ) and

| Im δ| < δ}. Define

p(t, s, η) =
m∑
j=0

aj(s, η)t
j.

Noting that A([−1, 1] × U) is an integral domain, we denote by K its

quotient field. Then we can write

p(t, s, η) = p1(t, s, η)
k1 · · · pν(t, s, η)kν ,

where pj(t, s, η) ∈ K[t] ( 1 ≤ j ≤ ν) are monic irreducible polynomials of

t, degt pj(t, s, η) ≥ 1 and the pj(t, s, η) are mutually prime in K[t]. Put

P (t, s, η) = p1(t, s, η) · · · pν(t, s, η),

and denote by R(s, η) the discriminant of P (t, s, η) = 0 in t, i.e., the

resultant of P (t, s, η) and (∂P/∂t)(t, s, η) as polynomials of t. Then we

have R(s, η) ̸= 0 in K, i.e., R(s, η) ̸≡ 0 in (s, η). Since R(s, η) ∈ K, there
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is ψ(s, η) ∈ A([−1, 1] × U) such that ψ(s, η) ̸≡ 0 and ψ(s, η)R(s, η) ∈
A([−1, 1]×U). Putting φ̃(s, η) := ψ(s, η)2R(s, η), we see that the roots of

P (t, s, η) = 0 in t are all simple for (s, η) ∈ Ṽ0 ≡ {(s, η) ∈ V ; φ̃(s, η) ̸= 0},
modifying δ if necessary. This implies that the multiplicities of the roots

of p(t, s, η) = 0 are constant for (s, η) ∈ Ṽ0 ( see, also, Lemma in [W]).

Choose ψ̃(s, η) ∈ A([−1, 1]×U) so that ψ̃(s, η) ̸≡ 0 and the coefficients of

ψ̃(s, η)P (t, s, η) belong toA([−1, 1]×U), and put φ(s, η) = φ̃(s, η)ψ̃(s, η).

We also modify δ > 0 so that the coefficients of ψ̃(s, η)P (t, s, η) and

φ(s, η) are analytic in V , if necessary. By the implicit function theorem

there are analytic functions tk(s, η) ( 1 ≤ k ≤ m̄) defined in V̂ ≡ {(s, η) ∈
V ; φ(s, η) ̸= 0 and s /∈ (−∞, 0)} satisfying

P (t, s, η) =
m̄∏
k=1

(t− tk(s, η)),

where m̄ = degt P (t, s, η). So there are rk ∈ {k1, · · · , kν} ( 1 ≤ k ≤ m̄)

such that

p(t, s, η) =
m̄∏
k=1

(t− tk(s, η))
rk for (s, η) ∈ V̂ .

Write

φ(s, η) =
∞∑

j=l0

φj(η)s
j

which converges in V ∩{|s| < δ}, where φl0(η) ̸≡ 0. Let U0 be a connected

open subset of U satisfying φl0(η) ̸= 0 for η ∈ U0. Modifying δ > 0 we

may assume that

φ(s, η) ̸= 0 in a neighborhood of V0 ≡ {(s, η) ∈ C× U0; 0 < |s| < δ}.

Then the tk(s, η) are analytic in a neighborhood of V0 ∩ {s /∈ (−∞, 0)}.
For a fixed η ∈ U0 analytic continuations in s of tk(s, η) around s = 0

( crossing the negative real axis anti-clockwise) show that there are νk ≡
νk(η) ∈ N ( 1 ≤ k ≤ m̄) such that

tk(se
2πνi, η) ̸≡ tk(s, η) in s ∈ (0, δ) if ν ∈ N and ν < νk,

tk(se
2πνki, η) = tk(s, η) ( 0 < s < δ).

Applying the same argument as in the proof of the monodromy theorem,

we can prove that νk(η) does not depend on η ∈ U0 ( see, e.g., [A]). It
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follows from Riemann’s theorem on removable singularities that tk(z
νk , η)

( 1 ≤ k ≤ m̄) are ( single-valued) analytic functions of (z, η) in {(z, η) ∈
C× U0; |z| < δ1/νk}. Therefore, we have

tk(z
νk , η) =

∞∑
j=0

tk,j(η)z
j ( 1 ≤ k ≤ m̄),

in {(z, η) ∈ C× U0; |z| < δ1/νk}, which are convergent, where the tk,j(η)

are real analytic in U0. This implies that the tk(s, η) can be expanded

into Puiseux series in s which converge for (s, η) ∈ (0, δ)× U0, i.e.,

tk(s, η) =
∞∑
j=0

tk,j(η)s
j/νk for (s, η) ∈ (0, δ)× U0.

Thus we have the following

Theorem. There are φ0(η)( ̸≡ 0) ∈ A(U), m̄ ∈ N and rk ∈ N

( 1 ≤ k ≤ m̄) satisfying the following:

For each connected open subset U0 of U satisfying φ0(η) ̸= 0 for η ∈ U0

there are δ > 0 and tk(s, η) ∈ A((0, δ)× U0) ( 1 ≤ k ≤ m̄) such that

tk(s, η) ̸= tl(s, η) for (s, η) ∈ (0, δ)× U0 if 1 ≤ k < l ≤ m̄,

p(t, s, η) =
m̄∏
k=1

(t− tk(s, η))
rk for (s, η) ∈ (0, δ)× U0

and the tk(s, η) can be expanded into Puiseux series in s which converge

for (s, η) ∈ (0, δ)× U0, i.e.,

tk(s, η) =
∞∑
j=0

tk,j(η)s
j/νk for (s, η) ∈ (0, δ)× U0,

where tk,j(η) ∈ A(U0) and νk ∈ N ( 1 ≤ k ≤ m̄, j ∈ Z+).
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