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ON THE CAUCHY PROBLEM FOR HYPERBOLIC

OPERATORS WITH TRIPLE CHARACTERISTICS

WHOSE COEFFICIENTS DEPEND ONLY ON

THE TIME VARIABLE I

By

Seiichiro Wakabayashi

Abstract. In this paper we investigate the Cauchy problem for

hyperbolic operators with triple characteristics whose coe‰cients

depend only on the time variable. And we give su‰cient conditions

for Cy well-posedness. We shall also consider necessary conditions

in [7].

1. Introduction

In [6] we studies the Cauchy problem for hyperbolic operators with double

characteristics whose principal parts have time-dependent coe‰cients. And we

gave su‰cient conditions for the Cauchy problem to be Cy well-posed under the

assumption that the coe‰cients, for instance, are real analytic. These su‰cient

conditions are also necessary if the space dimension is less than 3, or if the

coe‰cients are semi-algebraic functions with respect to the time variable. In [5]

we considered the Cauchy problem for hyperbolic operators of third order with

time-dependent coe‰cients and defined the sub-sub-principal symbols. We showed

that the Cauchy problem is Cy well-posed under some conditions on the sub-

principal symbols and the sub-sub-principal symbols. In this paper we shall deal

with hyperbolic operators with time-dependent coe‰cients and triple charac-

teristics and give suficient conditions for the Cauchy problem to be Cy well-

posed. Our results are extensions of the results given in [5] to higher-order

2020 Mathematics Subject Classification: Primary 35L30; Secondary 35L25.

Key words and phrases: Cauchy problem, hyperbolic, Cy well-posed, triple characteristics.

This research was partially supported by Grant-in-Aid for Scientific Research (No. 16K05222), Japan

Society for the Promotion of Science.

Received October 25, 2023.

Revised March 21, 2024.



hyperbolic operators. In doing so, we shall introduce new quantities as gen-

eralizations of ‘‘sub-sub-principal symbols.’’ In [7] it will be proved that our

su‰cient conditions are also necessary for Cy well-posedness under additional

conditions.

Let m A N and Pðt; t; xÞ1 tm þ
Pm

j¼1

P
jajaj aj;aðtÞtm�jxa be a polynomial of

t and x ¼ ðx1; . . . ; xnÞ of degree m whose coe‰cients aj;aðtÞ belong to Cyð½0;y�Þ.
Here a ¼ ða1; . . . ; anÞ A ðZþÞn is a multi-index, jaj ¼

Pn
j¼1 aj and xa ¼ xa1

1 � � � xan
n ,

where Zþ ¼ N [ f0g ð¼ f0; 1; 2; 3; . . .gÞ. We consider the Cauchy problem

Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ in ½0;yÞ � Rn;

D
j
t uðt; xÞjt¼0 ¼ ujðxÞ in Rn ð0a jam� 1Þ

�
ðCPÞ

in the framework of the space of Cy functions, where Dt ¼ �iq=qt ð¼ �iqtÞ,
Dx ¼ ðD1; . . . ;DnÞ ¼ �iðq=qx1; . . . ; q=qxnÞ, f ðt; xÞ A Cyð½0;yÞ � RnÞ and ujðxÞ A
CyðRnÞ ð0a jam� 1Þ.

Definition 1.1. (i) The Cauchy problem (CP) is said to be Cy well-posed

if the following conditions (E) and (U) are satisfied:

(E) For any f A Cyð½0;yÞ � RnÞ and uj A CyðRnÞ ð0a jam� 1Þ there is

u A Cyð½0;yÞ � RnÞ satisfying (CP).

(U) If s > 0, u A Cyð½0;yÞ � RnÞ, D
j
t uðt; xÞjt¼0 ¼ 0 ð0a jam� 1Þ and

Pðt;Dt;DxÞuðt; xÞ vanishes for t < s, then uðt; xÞ also vanishes for

t < s.

(ii) We say that the Cauchy problem (CP) has finite propagation property

(has finite propagation speeds) if the following condition (F) is satisfied:

(F) For any T > 0 there is a convex closed cone GT in Rn (with its vertex at

the origin) such that GT � ft > 0g [ f0g, and for any ðt0; x0Þ A Rnþ1 with

0 < t0 aT

u ¼ 0 in GTðt0; x0Þ1 fðt0; x0Þg � GT

if u A CyðRnþ1Þ, supp u � ½0;yÞ � Rn and

Pðt;Dt;DxÞu ¼ 0 in GTðt0; x0Þ:

We assume that the following conditions are satisfied:

(A-1) aj;aðtÞ ð1a jam; jaj ¼ j; j � 1Þ are real analytic on ½0;yÞ.
(A-2) For some k0 A ½1; 3=2Þ aj;aðtÞ A Efk0gð½0;yÞÞ ð2a jam; jaj ¼ j � 2Þ.
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Here we say that aðtÞ A EfkgðIÞ if for any T > 0 there are h > 0 and CT > 0

satisfying

jqk
t aðtÞjaCTh

kðk!Þk for k A Zþ and t A I with jtjaT ;

where 1a k < y and I is a closed interval of R. From (A-1) there are a complex

neighborhood W of ½0;yÞ (in C) and d0 > 0 such that ½�d0;yÞ � W, W \ fl A C;

Re laTg is compact for any T > 0, and aj;aðtÞ ð1a jam; jaj ¼ jÞ are

regarded as analytic functions defined in W. Applying the results in [3], we shall

prove that (CP) has finite propagation property. So we assume (A-2) in order to

apply the results in [3]. Put

pðt; t; xÞ ¼ tm þ
Xm
j¼1

X
jaj¼j

aj;aðtÞtm�jxa ð1Pmðt; t; xÞÞ;

Pkðt; t; xÞ ¼
Xm

j¼m�k

X
jaj¼kþj�m

aj;aðtÞtm�jxa ð0a kam� 1Þ:

We also assume that the following conditions (H) and (T) are satisfied:

(H) pðt; t; xÞ is hyperbolic with respect to Q ¼ ð1; 0; . . . ; 0Þ A Rnþ1 for t A

½�d0;yÞ, i.e.,

pðt; t� i; xÞ0 0 for any ðt; t; xÞ A ½�d0;yÞ � R� Rn:

(T) The characteristic roots are at most triple, i.e.,

q3tpðt; t; xÞ0 0 if ðt; t; xÞ A ½0;yÞ � R� Sn�1 and

pðt; t; xÞ ¼ qtpðt; t; xÞ ¼ q2tpðt; t; xÞ ¼ 0;

where Sn�1 ¼ fx A Rn; jxj ¼ 1g. Let Gðpðt; � ; �Þ; QÞ be the connected component

of the set fðt; xÞ A Rnþ1nf0g; pðt; t; xÞ0 0g which contains Q, and define the

generalized flows KG
ðt0;x0Þ for pðt; t; xÞ by

KG
ðt0;x0Þ ¼ fðtðsÞ; xðsÞÞ A ½0;yÞ � Rn;Gsb 0 and fðtðsÞ; xðsÞÞg is

a Lipschitz continuous curve in ½0;yÞ � Rn satisfying

ðd=dsÞðtðsÞ; xðsÞÞ A GðpðtðsÞ; � ; �Þ; QÞ� ða:e: sÞ and

ðtð0Þ; xð0ÞÞ ¼ ðt0; x0Þg;
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where ðt0; x0Þ A ½0;yÞ � Rn and G� ¼ fðt; xÞ A Rnþ1; ttþ x � xb 0 for any

ðt; xÞ A Gg. Kþ
ðt0;x0Þ (resp. K�

ðt0;x0Þ) gives an estimate of the influence domain

(resp. the dependence domain) of ðt0; x0Þ (see Theorem 1.2 below). To describe

conditions on the lower order terms we define the polynomials hjðt; t; xÞ
ð1 hjðt; t; x; pÞÞ of ðt; xÞ by

jpðt; t� ig; xÞj2 ¼
Xm
j¼0

g2jhm�jðt; t; xÞ for ðt; t; xÞ A ½0;yÞ � R� Rn and g A R:

Since jpðt; t� ig; xÞj2 ¼
Qm

j¼1ððt� ljðt; xÞÞ2 þ g2Þ, we have

hkðt; t; xÞ ¼
X

1aj1< j2<���< jkam

Yk
l¼1

ðt� ljl ðt; xÞÞ
2 ð1a kamÞ;ð1:1Þ

where pðt; t; xÞ ¼
Qm

j¼1ðt� ljðt; xÞÞ. Let RðxÞ be a set-valued function, whose

values are discrete subsets of C, defined for x A Sn�1 satisfying the following:

For any T > 0 there is NT A Zþ such that

afl A RðxÞ; Re l A ½0;T �gaNT for x A Sn�1:

�

Here aA denotes the number of the elements of a set A. We assume that

0 A RðxÞ when RðxÞ0q. The subprincipal symbol of Pðt;Dt;DxÞ is defined

by

sub sðPÞðt; t; xÞ ¼ Pm�1ðt; t; xÞ þ
i

2
qtqtpðt; t; xÞ:

We assume

(L-1) for any T > 0 there is C > 0 such that

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPÞðt; t; xÞjð1:2Þ

aChm�1ðt; t; xÞ1=2 for ðt; t; xÞ A ½0;T � � R� Sn�1

as the Levi condition for the ðm� 1Þ-th order terms of P. Here we defined

mins ARðxÞjt� sj ¼ 1 when RðxÞ ¼ q. To impose the Levi condition on the

ðm� 2Þ-th order terms of P we have to define some quantities. Let z0 1

ðt0; t0; x0Þ A ½0;yÞ � R� Sn�1 satisfy ðqk
t pÞðz0Þ ¼ 0 ð0a ka 2Þ. Define a monic

polynomial pðt; t; x; z0Þ of t of degree 3 satisfying the following:
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pðt; t; x; z0Þ is defined for ðt; xÞ A Uðz0Þ and pðt; t; xÞ is divided

by pðt; t; x; z0Þ as polynomials of t; and; putting ~ppðt; t; x; z0Þ ¼
pðt; t; xÞ=pðt; t; x; z0Þ;
t A Iðz0Þ if ðt; xÞ A Uðz0Þ; jxj ¼ 1 and pðt; t; x; z0Þ ¼ 0;

~ppðt; t; x; z0Þ0 0 if ðt; xÞ A Uðz0Þ; jxj ¼ 1 and t A Iðz0Þ;

8>>>>><
>>>>>:

where Uðz0Þ is a neighborhood of ðt0; x0Þ and Iðz0Þ is a neighborhood of t0.

Then we write

pðt; t; x; z0Þ ¼ t3 þ a1ðt; x; z0Þt2 þ a2ðt; x; z0Þtþ a3ðt; x; z0Þ:

We define

Qðt; t; x; z0Þ ¼ Pm�2ðt; t; xÞ þ
1

6
q2t q

2
tpðt; t; x; z0Þ � ~ppðt; t; x; z0Þð1:3Þ

þ 1

4
qtq

2
tpðt; t; x; z0Þ � qt ~ppðt; t; x; z0Þ

þ i

12
q2t sub sðPÞðt; t; xÞ � qtq2tpðt; t; x; z0Þ

þ 1

24
ðqtq2tpðt; t; x; z0ÞÞ

2 � qt ~ppðt; t; x; z0Þ

for ðt; xÞ A Uðz0Þ and t A R:

The Levi condition for the ðm� 2Þ-th order terms of P is the following:

(L-2) For any z0 A ½0;yÞ � R� Sn�1 with ðqk
t pÞðz0Þ ¼ 0 ð0a ka 2Þ there is

C > 0 such that

min min
s ARðxÞ

jt� sj2; 1
� �

jQðt;�a1ðt; x; z0Þ=3; x; z0Þjð1:4Þ

aChm�2ðt;�a1ðt; x; z0Þ=3; xÞ1=2 for ðt; xÞ A Uðz0Þ with jxj ¼ 1:

We note that

Qðt; t; x; z0Þ ¼ P1ðt; t; xÞ þ
1

6
q2t q

2
tpðt; t; xÞ þ

i

12
q2tP2ðt; t; xÞ � qtq2tpðt; t; xÞð1:5Þ

when m ¼ 3. In [5] we defined the sub-sub-principal symbol sub2 sðPÞðt; t; xÞ of

P by the right-hand side of (1.5).

Now we can state our main result.
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Theorem 1.2. We assume that the conditions (A-1), (A-2), (H), (T), (L-1)

and (L-2) are satisfied. Then the Cauchy problem (CP) is Cy well-posed. More-

over, (CP) has finite propagation property, more precisely, if ðt0; x0Þ A ð0;yÞ � Rn

and u A Cyð½0;yÞ � RnÞ satisfies (CP), ujðxÞ ¼ 0 near fx A Rn; ð0; xÞ A K�
ðt0;x0Þg

ð0a jam� 1Þ and f ¼ 0 near K�
ðt0;x0Þ (in ½0;yÞ � Rn), then ðt0; x0Þ B supp u.

The remainder of this paper is organized as follows. We shall give pre-

liminary lemmas in §2. In §3 we shall prove Theorem 1.2.

2. Preliminaries

Let I be an interval of R, and let G be an open cone or a closed cone in

Rnnf0g. Here ‘cone’ means that its vertex is the origin. Let k; k 0 A R. We say that

aðt; xÞ A S k
1;0ðI � GÞ if aðt; xÞ A CyðI � GÞ and

jD j
t q

a
xaðt; xÞjaCj;ajxjk�jajð2:1Þ

for ðt; xÞ A I � ðG \ fjxjb 1gÞ and any j A Zþ and a A ðZþÞn:

When aðt; x; eÞ also depends on a parameter e, we say that aðt; x; eÞ A S k
1;0ðI � GÞ

uniformly in e if the Cj;a in (2.1) with aðt; xÞ replaced by aðt; x; eÞ can be chosen

so that they do not depend on e. Moreover, we say that aðt; t; xÞ A Sk;k 0

1;0 ðI � GÞ
if aðt; t; xÞ ¼

P½k�
j¼0 ajðt; xÞt j and ajðt; xÞ A S

kþk 0�j
1;0 ðI � GÞ, where ½k� denotes the

largest integera k and Sk;k 0

1;0 ðI � GÞ ¼ f0g if k < 0. We also write Sk
1;0ðI � GÞ ¼

Sk;0
1;0 ðI � GÞ and Sk;�y

1;0 ðI � GÞ ¼
T

k 0 AR Sk;k 0

1;0 ðI � GÞ. When aðt; t; x; eÞ ¼P½k�
j¼0 ajðt; x; eÞt j depend on a parameter e, we say that aðt; t; x; eÞ A Sk;k 0

1;0 ðI � GÞ
uniformly in e if ajðt; x; eÞ A S

kþk 0�j
1;0 ðI � GÞ uniformly in e.

Lemma 2.1. Let G be a closed cone in Rnnf0g, and let aðt; xÞ be a real

analytic symbol defined in ½0; 1� � G, which is positively homogeneous in x. So there

is a complex neighborhood W of ½0; 1� such that aðt; xÞ is holomorphic in t A W for

x A G. Put

RaðxÞ ¼
fl A W; aðl; xÞ ¼ 0g if aðt; xÞ2 0 in t;

q if aðt; xÞ1 0 in t

�

for x A G \ Sn�1. Then there are N A Zþ and C > 0 such that aRaðxÞaN for

x A G \ Sn�1 and

min min
s ARaðxÞ

jt� sj; 1
� �

jqtaðt; xÞjaCjaðt; xÞj for ðt; xÞ A ½0; 1� � ðG \ Sn�1Þ:
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Remark. It follows from the proof that there are Ck > 0 ðk A NÞ sat-

isfying

min min
s ARaðxÞ

jt� sjk; 1
� �

jqk
t aðt; xÞjaCkjaðt; xÞj if 1a kaN

min min
s ARaðxÞ

jt� sjN ; 1
� �

jqk
t aðt; xÞjaCkjaðt; xÞj if k > N

for ðt; xÞ A ½0; 1� � ðG \ Sn�1Þ.

Proof. Replacing ½�d; d� and U with ½0; 1� and fx A G; 1=2a jxja 2g,
respectively, we apply the arguments as in the proof of Lemma 2.2 of [6].

Put

kðxÞ ¼
ð1
0

jaðt; xÞj2 dt

If kðxÞ1 0, then the lemma become trivial. So we may assume that kðxÞ2 0. Let

x0 A fx A G; 1=2a jxja 2g. We apply Hironaka’s resolution theorem to kðxÞ (see

[1]). Then there are an open neighborhood Uðx0Þ of x0, a real analytic manifold
~UUðx0Þ, a proper analytic mapping j1 jðx0Þ : ~UUðx0Þ C ~uu 7! jð~uuÞ ð1 jð~uu; x0ÞÞ A
Uðx0Þ satisfying the following:

(i) j : ~UUðx0Þn ~AA ! Uðx0ÞnA is an isomorphism, where A ¼ fx A G; 1=2a

jxja 2 and kðxÞ ¼ 0g and ~AA ¼ j�1ðAÞ.
(ii) For each p A ~UUðx0Þ there are local analytic coordinates X ð1X pÞ ¼

ðX1; . . . ;XnÞ ð¼ ðX p
1 ; . . . ;X

p
n ÞÞ centered at p, rðpÞ A Zþ with rðpÞa n,

skðpÞ A N ð1a ka rðpÞÞ, a neighborhood ~UUðx0; pÞ of p and a real

analytic function eðX Þ in ~VVðx0; pÞ such that eðXÞ > 0 for X A ~VVðx0; pÞ
and

kðjð~uuÞÞ ¼ eðXð~uuÞÞ
YrðpÞ
k¼1

Xkð~uuÞ2skðpÞ ð~uu A ~UUðx0; pÞÞ;

where ~VVðx0; pÞ ¼ fXð~uuÞ; ~uu A ~UUðx0; pÞg and
QrðpÞ

k¼1 � � � ¼ 1 if rðpÞ ¼ 0.

Here ~VVðx0; pÞ is a neighborhood of 0 in Rn and we have used the fact

that kðxÞb 0. Define ~jj ð1 ~jjðx0; pÞÞ : ~VVðx0; pÞ ! Uðx0Þ by ~jjðX ð~uuÞÞ ð1 ~jjðX pð~uuÞ;
x0; pÞÞ ¼ jð~uuÞ ð1 jð~uu; x0ÞÞ for ~uu A ~UUðx0; pÞ. Let U0ðx0Þ be a compact neigh-

borhood of x0 in Uðx0Þ, and put ~UU0ðx0Þ ¼ j�1ðU0ðx0ÞÞ. Fix p A ~UU0ðx0Þ, and

put
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aðpÞ ¼ ðs1ðpÞ; . . . ; srðpÞðpÞ; 0; . . . ; 0Þ A ðZþÞn;

caðt; pÞ ¼
1

a!
qa
Xaðt; ~jjðXÞÞjX¼0:

Note that ab aðpÞ if a A ðZþÞn and caðt; pÞ2 0 in t (see the proof of Lemma 2.2

of [6]). So we can write

aðt; ~jjðX ÞÞ ¼ X aðpÞaðt;X ; pÞ;

aðt;X ; pÞ ¼ caðpÞðt; pÞ þ bðt;X ; pÞ;

where bðt;X ; pÞ is real analytic in ðt;XÞ and satisfies bðt; 0; pÞ ¼ 0. Since

caðpÞðt; pÞ2 0 in t, we can apply the Weierstrass preparation theorem to aðt;X ; pÞ
at ðt;XÞ ¼ ðt0; 0Þ, where t0 A ½0; 1�. Then there are dðp; t0Þ > 0, a neighborhood
~VVðp; t0Þ of 0 in ~VVðx0; pÞ, mðp; t0Þ A Zþ, a real analytic function cðt;X ; p; t0Þ
defined in ½t0 � dðp; t0Þ; t0 þ dðp; t0Þ� � ~VVðp; t0Þ and real analytic functions

akðX ; p; t0Þ defined in ~VVðp; t0Þ ð1a kamðp; t0ÞÞ such that cðt;X ; p; t0Þ0 0 and

aðt;X ; pÞ ¼ cðt;X ; p; t0Þðtmðp; t0Þ þ a1ðX ; p; t0Þtmðp; t0Þ�1 þ � � � þ amðp; t0ÞðX ; p; t0ÞÞ

in ½t0 � dðp; t0Þ; t0 þ dðp; t0Þ� � ~VVðp; t0Þ. Note that dðp; t0Þ, ~VVðp; t0Þ, mðp; t0Þ,
cðt;X ; p; t0Þ and the akðX ; p; t0Þ also depend on x0. So we can write

aðt; ~jjðX ÞÞ ¼ X aðpÞcðt;X ; p; t0Þ
Ymðp; t0Þ

k¼1

ðt� tkðX ; p; t0ÞÞ

for ðt;XÞ A ½t0 � dðp; t0Þ; t0 þ dðp; t0Þ� � ~VVðp; t0Þ. We may assume that

Rað~jjðXÞÞ ¼
ft1ðX ; p; t0Þ; . . . ; tmð p; t0ÞðX ; p; t0Þg if X1 � � �XrðpÞ 0 0;

q if X1 � � �XrðpÞ ¼ 0:

�

Then we have

min min
s ARað ~jjðX ÞÞ

jt� sj; 1
� �

jqtaðt; ~jjðXÞÞjaCðp; t0Þjaðt; ~jjðXÞÞjð2:2Þ

for ðt;XÞ A ½t0 � dðp; t0Þ; t0 þ dðp; t0Þ� � ~VVðp; t0Þ, where Cðp; t0Þ > 0. Since ½0; 1� �
fx A G; 1=2a jxja 2g and ~UU0ðx0Þ are compact, compactness arguments prove the

lemma. r

From the assumption (T) there are d1 > 0, N0 A N, mð j; kÞ A N, open cones

Gj in Rnnf0g, rð jÞ A N, compact intervals Jj;k and p j;kðt; t; xÞ A S
mð j;kÞ
1;0 ð½0; d1� �
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ðGjnf0gÞÞ ð1a jaN0; 1a ka rð jÞÞ such that mð j; kÞa 3, the p j;kðt; t; xÞ are

monic polynomials of t and positively homogeneous of degree mð j; kÞ in ðt; xÞ A
R� ðGjnf0gÞ such that

SN0

j¼1 Gj � Sn�1, Jj;k \ Jj; l ¼ q for 1a jaN0 and

1a k < la rð jÞ,

pðt; t; xÞ ¼
Yrð jÞ
k¼1

p j;kðt; t; xÞ for ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ;ð2:3Þ

t A Jj;k if 1a jaN0, 1a ka rð jÞ, ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ, t A C and

p j;kðt; t; xÞ ¼ 0, and for each ð j; kÞ with 1a jaN0 and 1a ka rð jÞ there is

ðt̂t; x̂xÞ A R� ðGj \ Sn�1Þ satisfying

ðqm
t p

j;kÞð0; t̂t; x̂xÞ ¼ 0 ð0a mamð j; kÞ � 1Þ:

Let d > 0 and G be a closed cone in Rnnf0g. We say that aðt; xÞ A
Aclð½0; d� � GÞ if aðt; xÞ is real analytic in ½0; d� � G and a classical symbol, i.e.,

when aðt; xÞ2 0, there are k A Z and real analytic symbols ajðt; xÞ ð j A ZþÞ such

that a0ðt; xÞ2 0, ajðt; xÞ is positively homogeneous of degree ðk� jÞ in x ð j A ZþÞ
and aðt; xÞ@

Py
j¼0 ajðt; xÞ, i.e.,

aðt; xÞ �
XN�1

j¼0

ajðt; xÞ
�����

�����aCN jxjk�N

for ðt; xÞ A ½0; d� � G with jxjb 1 and N A N, where CN > 0. Here a0ðt; xÞ is called
the principal symbol of aðt; xÞ.

Lemma 2.2. Assume that pðt; t; xÞ A Aclð½0; d� � GÞ½t� is a monic polynomial

of t, positively homogeneous of degree m ðA NÞ in ðt; xÞ and hyperbolic in t, i.e.,

pðt; tG i; xÞ0 0 for ðt; t; xÞ A ½0; d� � R� G. Write

pðt; t; xÞ ¼
Ym
j¼1

ðt� ljðt; xÞÞ:

Then, for each fixed x A G \ Sn�1 we can enumerate fljðt; xÞg so that the ljðt; xÞ
are real analytic in t A ½0; d�. Moreover, for any n A Zþ there is Nn ð1NnðpÞÞ � G

satisfying the following:

(i) lx A Nn if l > 0 and x A Nn.

(ii) mnðNnÞ ¼ 0.

(iii) There is Nn A Zþ such that
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aft A ½0; d�; qm
t ðljðt; xÞ � lkðt; xÞÞ ¼ 0gaNn

if 0a ma n; 1a j < kam and qm
t ðljðt; xÞ � lkðt; xÞÞ2 0 in t;

aft A ½0; d�; qm
t ljðt; xÞ ¼ 0gaNn

if 0a ma n; 1a jam and qm
t ljðt; xÞ2 0 in t

for x A GnNn.

Here mn denotes the Lebesgue measure in Rn.

Remark. The lemma is a generalization of Lemma 2.3 in [5]. We also need

to apply the lemma to qtp
j;kðt; t; xÞ with mð j; kÞ ¼ 3.

Proof. We will modify the proof of Lemma 2.3 of [5]. First fix x A

G \ Sn�1. For t0 A ½0; d� At0 denotes the convergent power series ring of ðt� t0Þ.
Since At0 is a unique factorization domain, At0 ½t� is also a unique factorization

domain. Applying the same argument as in the proof of Lemma 2.3 of [5], we

can prove the first part of the lemma. In doing so we note that lj0ðt0 þ zr; xÞ
is analytic in a complex neighborhood of z ¼ 0 with some r A N and that

lj0ðt0 þ zr; xÞ can be expanded as a power series of z (see the proof of Lemma 2.3

of [5]). Hyperbolicity implies that lj0ðt0 þ zr; xÞ is real if zr is real, and that

lj0ðt0 þ zr; xÞ is a power series of zr. So we can take r ¼ 1 and lj0ðt; xÞ is analytic

in t near t ¼ t0. We denote by S the quotient field of Aclð½0; d� � GÞ. Then S½t� is
a unique factorization domain and pðt; t; xÞ A S½t�. Write

tpðt; t; xÞ ¼ p1ðt; t; xÞr1 � � � psðt; t; xÞrs ;

where s; rj A N, the p jðt; t; xÞ ðA S½t�Þ are irreducible in S½t� and p jðt; t; xÞ and

pkðt; t; xÞ are mutually prime if j0 k. Define qðt; t; xÞ ¼
Qs

j¼1 p
jðt; t; xÞ, and let

Dðt; xÞ be the discriminant of qðt; t; xÞ ¼ 0 in t. Then there are dkðt; xÞ A
Aclð½0; d� � GÞnf0g ðk ¼ 0; 1Þ such that

Dðt; xÞ ¼ d0ðt; xÞ=d1ðt; xÞ;

since Dðt; xÞ0 0 in S. Here we may assume that the dkðt; xÞ are positively

homogeneous in x (see the proof of Lemma 2.3 of [5]). Write qðt; t; xÞ ¼ tm̂m þPm̂m�1
j¼1 âajðt; xÞtm̂m�j. Similarly, there are âal

j ðt; xÞ A Aclð½0; d� � GÞ ð1a ja m̂m� 1;

l ¼ 0; 1Þ such that the âal
j ðt; xÞ are positively homogeneous in x, âa1j ðt; xÞ0 0 (in

Aclð½0; d� � GÞ) and âajðt; xÞ ¼ âa0j ðt; xÞ=âa1j ðt; xÞ, since the âajðt; xÞ are positively
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homogeneous in x. Put

N0 ¼ x A G; d0ðt; xÞd1ðt; xÞ
Ŷmm�1

j¼1

âa1j ðt; xÞ1 0 in t A ½0; d�
( )

:

Then we have mnðN0Þ ¼ 0. We can choose functions l̂ljðt; xÞ ð1a ja m̂mÞ defined

in ½0; d� � ðGnN0Þ such that the l̂ljðt; xÞ are real analytic in t for a fixed x A GnN0

and

qðt; t; xÞ ¼
Ŷmm
j¼1

ðt� l̂ljðt; xÞÞ for t A ½0; d� and x A GnN0:

Note that

fl̂l1ðt; xÞ; . . . ; l̂lm̂mðt; xÞg ¼ f0; l1ðt; xÞ; . . . ; lmðt; xÞg

for ðt; xÞ A ½0; d� � ðGnN0Þ. We may assume that l̂lm̂mðt; xÞ1 0. Note that the

âajðt; xÞ are real analytic in t A ½0; d� for x A GnN0. If x A GnN0 and

t A Dx 1 s A ½0; d�; d0ðs; xÞd1ðs; xÞ
Ŷmm�1

j¼1

âa1j ðs; xÞ0 0

( )
;

then the roots of qðt; t; xÞ ¼ 0 in t are simple. It follows from Lemma 2.2 and its

remark of [6] that there is N0 A Zþ satisfying að½0; d�nDxÞaN0 for x A GnN0.

This proves the second part of the lemma for n ¼ 0. Let x A GnN0. Then we have

qtqðt; t; xÞjt¼l̂ljðt;xÞ � qtl̂ljðt; xÞ þ qtqðt; t; xÞjt¼l̂ljðt;xÞ ¼ 0

for 1a ja m̂m. Therefore, for t A Dx we have

qtl̂ljðt; xÞ ¼ �qtqðt; t; xÞjt¼l̂ljðt;xÞ=qtqðt; t; xÞjt¼l̂ljðt;xÞ ð1a ja m̂mÞ:

Since l̂lm̂mðt; xÞ1 0, we have

Ŷmm
j¼1

qtl̂ljðt; xÞ1 0:

Noting thatY
k0j

ðl̂ljðt; xÞ � l̂lkðt; xÞÞqtqðt; t; xÞjt¼l̂lkðt;xÞ

¼
Y

1ak; lam̂m;k0l

ðl̂lkðt; xÞ � l̂llðt; xÞÞ ¼ ð�1Þm̂mðm̂m�1Þ=2
Dðt; xÞ
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for a fixed j with 1a ja m̂m, we can write the other fundamental symmetric

expressions as follows:

X̂mm
j¼1

Y
k0j

qtl̂lkðt; xÞ ¼ ð�1Þm̂m�1þm̂mðm̂m�1Þ=2

�
X̂mm
j¼1

Y
k0j

fðl̂lkðt; xÞ � l̂ljðt; xÞÞqtqðt; t; xÞjt¼l̂lkðt;xÞg=Dðt; xÞ

¼ Em̂m�1ðt; xÞ=Dðt; xÞ;

� � �

X̂mm
j¼1

qtl̂ljðt; xÞ ¼ E1ðt; xÞ=Dðt; xÞ;

where the Ekðt; xÞ are polynomials of fq l
t âajðt; xÞg1ajam̂m�1; l¼0;1. Put

~ppðt; t; xÞ ¼ tm̂m � E1ðt; xÞDðt; xÞ�1tm̂m�1 þ E2ðt; xÞDðt; xÞ�1tm̂m�2

þ � � � þ ð�1Þm̂m�1
Em̂m�1ðt; xÞDðt; xÞ�1t

¼
Ŷmm
j¼1

ðt� qtl̂ljðt; xÞÞ
 !

:

Let us repeat the above argument with tp replaced by ~pp. We write

~ppðt; t; xÞ ¼ ~pp1ðt; t; xÞr
0
1 � � � ~pps 0 ðt; t; xÞr

0
s 0 ;

where s 0; r 0j A N, the ~pp jðt; t; xÞ ðA S½t�Þ are irreducible in S½t� and ~pp jðt; t; xÞ and

~ppkðt; t; xÞ are mutually prime if j0 k. Put

~qqðt; t; xÞ ¼
Ys 0

j¼1

~pp jðt; t; xÞ;

and let ~DDðt; xÞ be the discriminant of ~qqðt; t; xÞ ¼ 0 in t. Then we can write

~DDðt; xÞ ¼ ~dd0ðt; xÞ=~dd1ðt; xÞ;

where ~ddkðt; xÞ A Aclð½0; d� � GÞnf0g. Here we may assume that the ~ddkðt; xÞ are

positively homogeneous in x. Write
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~qqðt; t; xÞ ¼ t ~mm þ
X~mm�1

j¼1

~aajðt; xÞt ~mm�j;

~aajðt; xÞ ¼ ~aa0j ðt; xÞ=~aa1j ðt; xÞ ð1a ja ~mm� 1Þ;

where ~aal
j ðt; xÞ A Aclð½0; d� � GÞ ð1a ja ~mm� 1; l ¼ 0; 1Þ are positively homoge-

neous in x and ~aa1j ðt; xÞ0 0 in Aclð½0; d� � GÞ. Define

N1 ¼ x A G; ~dd0ðt; xÞ~dd1ðt; xÞ
Y~mm�1

j¼1

~aa1j ðt; xÞ1 0 in t A ½0; d�
( )

[N0:

Then we have mnðN1Þ ¼ 0. It is obvious that N1 is a cone. Similarly, there is

N1 A Zþ such that

aft A ½0; d�; qtðl̂ljðt; xÞ � l̂lkðt; xÞÞ ¼ 0g

aa t A ½0; d�; ~dd0ðt; xÞ~dd1ðt; xÞ
Y~mm�1

j¼1

~aa1j ðt; xÞ ¼ 0

( ) !
aN1

if x A GnN1, 1a j < ka m̂m and qtðl̂ljðt; xÞ � l̂lkðt; xÞÞ2 0 in t. This proves the

second part of the lemma for n ¼ 1. Repeating the above arguments we can prove

the lemma for n ¼ 2; 3; . . . , inductively. r

We choose rðtÞ A Efk0gðRÞ so that rðtÞb 0,
Ð
rðtÞ dt ¼ 1 and supp r � ft A R;

jtja 1g. Define

aj;aðt; eÞ ¼
ð
reðsÞaj;aðt� sÞ ds ð3a jam; jaja j � 3Þ;

Pkðt; t; x; eÞ ¼
Xm

j¼m�k

X
jaj¼kþj�m

aj;aðt; eÞtm�jxa ð0a kam� 3Þ;

Pðt; t; x; eÞ ¼
X2
k¼0

Pm�kðt; t; xÞ þ
Xm
k¼3

Pm�kðt; t; x; eÞ

for 0 < ea 1, where reðtÞ ¼ e�1rðt=eÞ.
We approximate Pðt; t; xÞ by Pðt; t; x; eÞ in order to prove that (CP) has finite

propagation property. We factorized pðt; t; xÞ as (2.3). By the factorization

theorem we can write

Pðt; t; x; eÞ ¼ P j;1ðt; t; x; eÞ � P j;2ðt; t; x; eÞð2:4Þ

� � � � � P j; rð jÞðt; t; x; eÞ þ Rjðt; t; x; eÞ
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for 1a jaN0, ðt; xÞ A ½0; d1� � Gj with jxjb 1 and e A ð0; 1�, where

P j;kðt; t; x; eÞ ¼ p j;kðt; t; xÞ þ q
j;k
0 ðt; t; xÞ þ q

j;k
1 ðt; t; xÞ þ r j;kðt; t; x; eÞ;

q
j;k
l ðt; t; xÞ A S

mð j;kÞ�1;�l
1;0 ð½0; d1� � ðGjnf0gÞÞ ðl ¼ 0; 1Þ are positively homogeneous

of degree ðmð j; kÞ � 1� lÞ in ðt; xÞ for jxjb 1, r j;kðt; t; x; eÞ A S
mð j;kÞ�1;�2
1;0 ð½0; d1� �

ðGjnf0gÞÞ uniformly in e and Rjðt; t; x; eÞ A Sm�1;�y
1;0 ð½0; d1� � ðGjnf0gÞÞ uniformly

in e (see, e.g., [2] and, also, [6]). Here we denote by aðt; t; xÞ � bðt; t; xÞ the symbol

of aðt;Dt;DxÞbðt;Dt;DxÞ. There are compact intervals Ij;k ð1a jaN0; 1a ka

rð jÞÞ and M > 0 such that

[rð jÞ
k¼1

Ij;k ¼ ½�M;M�; I
�
j;k \ I

�
j; l ¼ q ð1a jaN0; k0 lÞ;

t A I
�
j;k if 1a jaN0; 1a ka rð jÞ; ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ

and p j;kðt; t; xÞ ¼ 0;

where I
�
denotes the interior of I ð� RÞ. For 1a jaN0 and J � f1; 2; . . . ; rð jÞg

we define

P
j
Jðt; t; xÞ ¼

Y
1ama rð jÞ;m B J

p j;mðt; t; xÞ:

Now we fix j with 1a jaN0. Until the end of the proof of Lemma 2.4 except

the statements of Lemmas 2.3 and 2.4 we omit the subscript j and the superscript

j of Gj, P
j;kð�Þ, Rjð�Þ, p j;kð�Þ, Ij;k, P j

Jðt; t; xÞ; . . . , and ‘‘ j’’ of rð jÞ, mð j; kÞ; . . . and
so on, i.e., we write Gj, P

j;kð�Þ, Rjð�Þ, p j;kð�Þ, Ij;k, P j
Jðt; t; xÞ, rð jÞ, mð j; kÞ; . . . as

G, Pkð�Þ, Rð�Þ, pkð�Þ, Ik, PJðt; t; xÞ, r, mðkÞ; . . . , respectively. Let aðt; t; xÞ and

bðt; t; xÞ be defined in U. We write

aðt; t; xÞ ¼ Oðbðt; t; xÞÞ for ðt; t; xÞ A U

if there is C > 0 satisfying

jaðt; t; xÞjaCjbðt; t; xÞj for ðt; t; xÞ A U:

Assume that aðt; t; xÞ; bðt; t; xÞb 0. We write

aðt; t; xÞAbðt; t; xÞ for ðt; t; xÞ A U

if there is C > 0 satisfying

C�1aðt; t; xÞa bðt; t; xÞaCaðt; t; xÞ for ðt; t; xÞ A U:
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Lemma 2.3. Let 1a jaN0. We have

sub sðPÞðt; t; xÞ ¼
Xrð jÞ
k¼1

sub sðP j;kÞðt; t; xÞP j

fkgðt; t; xÞð2:5Þ

� i

2

X
1ak<larð jÞ

fp j;k; p j; lgðt; t; xÞP j

fk; lgðt; t; xÞ

¼
Xrð jÞ
k¼1

sub sðP j;kÞðt; t; xÞP j

fkgðt; t; xÞ þOðhm�1ðt; t; xÞ1=2Þ

for ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1;

where

fp j;k; p j; lgðt; t; xÞ ¼ qtp
j;kðt; t; xÞ � qtp j; lðt; t; xÞ � qtp

j;kðt; t; xÞqtp j; lðt; t; xÞ:

Moreover, we have

Pm�2ðt; t; xÞð2:6Þ

¼
Xrð jÞ
k¼1

q
j;k
1 P

j

fkg � i
X

1ak<larð jÞ; n0k; l

qtp
j;k � qtp j; l � sub sðP j; nÞP j

fk; l; ng

þ
X

1ak<larð jÞ
sub sðP j;kÞ sub sðP j; lÞP j

fk; lg

� i

2

X
1ak; larð jÞ;k0l

qtqtp
j;k � sub sðP j; lÞP j

fk; lg

� i
X

1ak<larð jÞ
fqtp j;k � qt sub sðP j; lÞ þ qtp

j; l � qt sub sðP j;kÞgP j

fk; lg

� 1

2

X
1ak<larð jÞ

fqtp j;k � q2t qtp j; l þ qtp
j; l � qtq2tp j;kgP j

fk; lg

þOðhm�2ðt; t; xÞ1=2Þ for ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1;

where q j;k ¼ q j;kðt; t; xÞ, P j

fkg ¼ P
j

fkgðt; t; xÞ, qtp j;k ¼ qtp
j;kðt; t; xÞ, sub sðP j; nÞ ¼

sub sðP j; nÞðt; t; xÞ; . . . .

Proof. We can prove by induction on r that
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P1ðt; t; x; eÞ � P2ðt; t; x; eÞ � � � � � Prðt; t; x; eÞð2:7Þ

�

2
64Yr

k¼1

pkðt; t; xÞ þ
Xr
k¼1

qk
0 ðt; t; xÞPfkg � i

X
1ak<lar

qtp
k � qtpl �Pfk; lg

� i
X

1ak<lar; n0k; l

qtp
k � qtpl � qn

0Pfk; l; ng þ
Xr
k¼1

qk
1Pfkg

þ
X

1ak<lar

qk
0 q

l
0Pfk; lg � i

X
1ak<lar

fqtpk � qtql
0 þ qtp

l � qtqk
0 gPfk; lg

� 1

2

X
1ak<lar

q2tp
k � q2t pl �Pfk; lg

�
X

1ak<l<nar

q2tp
k � qtpl � qtpn �Pfk; l; ng

�
X

1ak<l<nar

qtp
k � fqtqtpl � qtpn þ qtp

l � q2t pngPfk; l; ng

�
X

1ak<lar;k<n<mar
n0l;m0l

qtp
k � qtpl � qtpn � qtpm �Pfk; l; n;mg

3
75

A Sm�1;�2
1;0 ð½0; d1� � ðGnf0gÞÞ uniformly in e;

where, for example, Pfkg ¼
Q

1alar; l0k p
lðt; t; xÞ. It follows from (1.1) that

hmðkÞ�lðt; t; x; pkÞAhm�lðt; t; xÞð2:8Þ

for ðt; t; xÞ A ½0; d1� � Ik � ðG \ Sn�1Þ

if 1a ka r and 0a lamðkÞ;

hmðkÞ�lðt; t; x; pkÞAðjtj þ 1Þ2mðkÞ�2lð2:9Þ

for ðt; t; xÞ A ½0; d1� � ðRnIkÞ � ðG \ Sn�1Þ

if 1a ka r and 0a lamðkÞ;

hm�lðt; t; xÞAðjtj þ 1Þ2m�2lð2:10Þ

for ðt; t; xÞ A ½0; d1� � ðð�y;�MÞ [ ðM;yÞÞ � ðG \ Sn�1Þ

if 1a lam:
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We have also, with C > 0,

jqm
t q

n
t p

kðt; t; xÞjaChmðkÞ�m�nðt; t; xÞ1=2ðjtj þ 1Þmð2:11Þ

for 1a ka r, m; n A Zþ with mþ n < mðkÞ and ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ.
(2.7)–(2.11) prove the lemma. r

Now assume that (L-1) is satisfied. Let 1a k0 a r with mðk0Þ ¼ 3. Then there

is C > 0 such that

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPk0Þðt; t; xÞjaCh2ðt; t; x; pk0Þ1=2

for ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ. Write

pkðt; t; xÞ ¼
YmðkÞ

l¼1

ðt� lk
l ðt; xÞÞ;

pk
m ðt; t; xÞ ¼ pkðt; t; xÞ=ðt� lk

m ðt; xÞÞ

ð1a ka r; 1a mamðkÞÞ. Note that h2ðt; t; x; pk0Þ ¼
P3

m¼1 p
k0
m ðt; t; xÞ2. It fol-

lows from Lagrange’s interpolation formula that there are functions bmðt; xÞ
ð1a ma 3Þ and C > 0 satisfying

sub sðPk0Þðt; t; xÞ ¼
X3
m¼1

bmðt; xÞpk0
m ðt; t; xÞ;ð2:12Þ

min min
s ARðxÞ

jt� sj; 1
� �

jbmðt; xÞjaCð2:13Þ

for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ (see the proof of Lemma 2.5 of [5]).

Lemma 2.4. Assume that (L-1) is satisfied, and that 1a jaN0, 1a k0 a

rð jÞ and mð j; k0Þ ¼ 3. Then there is C > 0 such that

min min
s ARðx=jxjÞ

jt� sj; 1
� �

jqm
t sub sðP j;k0Þðt; t; xÞjð2:14Þ

aCh2�mðt; t; x; p j;k0Þ1=2 ðma 2Þ;

min min
s ARðx=jxjÞ

jt� sj2; 1
� �

jqt sub sðP j;k0Þðt; t; xÞj=ðjtj þ jxjÞð2:15Þ

aCh1ðt; t; x; p j;k0Þ1=2

for ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1, modifying RðxÞ if necessary.
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Proof. (2.14) easily follows from (2.12) and (2.13). Write pk0ðt; t; xÞ ¼ t3 þ
ak0
1 ðt; xÞt2 þ ak0

2 ðt; xÞtþ ak0
3 ðt; xÞ. We have

sub sðPk0Þðt; t; xÞ ¼ sub sðPk0Þðt;�ak0
1 ðt; xÞ=3; xÞ

þ ðtþ ak0
1 ðt; xÞ=3Þðqt sub sðPk0ÞÞðt;�ak0

1 ðt; xÞ=3; xÞ

þ 1

2
ðtþ ak0

1 ðt; xÞ=3Þ2ðq2t sub sðPk0ÞÞðt; 0; xÞ;

noting that degt sub sðPk0Þðt; t; xÞa 2. Therefore, we have

jqt sub sðPk0Þðt; t; xÞjð2:16Þ

a jqt sub sðPk0Þðt;�ak0
1 =3; xÞj

þ 1

3
jqtak0

1 ðt; xÞj � jðqt sub sðPk0ÞÞðt;�ak0
1 =3; xÞj

þ jtþ ak0
1 =3j � jqtðqt sub sðPk0ÞÞðt;�ak0

1 =3; xÞj

þ jtþ ak0
1 =3j jqtak0

1 ðt; xÞj=3 � jðq2t sub sðPk0ÞÞðt; 0; xÞj

þ 1

2
jtþ ak0

1 =3j2 � jqtðq2t sub sðPk0ÞÞðt; 0; xÞj:

Modifying RðxÞ if necessary, we can assume that

fRe l; l A W1 and sub sðPk0Þðl;�ak0
1 ðl; xÞ=3; xÞ ¼ 0g � RðxÞ

If sub sðPk0Þðt;�ak0
1 ðt; xÞ=3; xÞ2 0 in t

for x A G \ Sn�1, where W1 is a compact complex neighborhood of ½0; d1�. Lemma

2.1 yields

min min
s ARðx=jxjÞ

jt� sj2; 1
� �

jqt sub sðPk0Þðt;�ak0
1 ðt; xÞ=3; xÞj

aC min min
s ARðx=jxjÞ

jt� sj; 1
� �

jsub sðPk0Þðt;�ak0
1 ðt; xÞ=3; xÞj

for ðt; xÞ A ½0; d1� � G with jxjb 1, where C > 0. Note that �ak0
1 ðt; xÞ=3 A Ik0 for

ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ. So by (L-1), (2.8) and (1.1) we have, with C > 0,

min min
s ARðx=jxjÞ

jt� sj2; 1
� �

jqt sub sðPk0Þðt;�ak0
1 ðt; xÞ=3; xÞj=jxjð2:17Þ

aCh1ðt;�ak0
1 ðt; xÞ=3; x; pk0Þ1=2
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for ðt; xÞ A ½0; d1� � G with jxjb 1. Since

jtþ ak0
1 ðt; xÞ=3ja 1

3

X3
m¼1

jt� lk0
m ðt; xÞja h1ðt; t; x; pk0Þ1=2;

h1ðt;�ak0
1 ðt; xÞ=3; x; pk0Þ1=2 a

X3
m¼1

jak0
1 ðt; xÞ=3þ lk0

m ðt; xÞj

a
2

3
fjlk0

1 ðt; xÞ � lk0
2 ðt; xÞj þ jlk0

2 � lk0
3 j þ jlk0

3 � lk0
1 jg

a
4

3

X3
m¼1

jt� lk0
m ðt; xÞja 4h1ðt; t; x; pk0Þ1=2

for ðt; t; xÞ A ½0; d1� � R� G with jxjb 1, (2.14), (2.16) and (2.17) give (2.15).

r

We wrote

p j;kðt; t; xÞ ¼ t3 þ a
j;k
1 ðt; xÞt2 þ a

j;k
2 ðt; xÞtþ a

j;k
3 ðt; xÞ

if 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3. We say that (L-1) for ½0; d� is

satisfied if (1.2) is satisfied with ½0;T � replaced by ½0; d�, and that (L-2) for ½0; d�
is satisfied if (1.4) is satisfied with ½0;yÞ replaced by ½0; d�.

Lemma 2.5. (i) (L-1) for ½0; d1� is satisfied if and only if there is C > 0 such

that

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðP j;kÞðt; t; xÞjð2:18Þ

aChmð j;kÞ�1ðt; t; x; p j;kÞ1=2 for ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ

provided 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 2 or 3.

(ii) Assume that (L-1) for ½0; d1� is satisfied. Then (L-2) for ½0; d1� is satisfied

if and only if there is C > 0 such that

min min
s ARðxÞ

jt� sj2; 1
� �

jsub2 sðP j;kÞðt;�a
j;k
1 ðt; xÞ=3; xÞjð2:19Þ

aCh1ðt;�a
j;k
1 ðt; xÞ=3; x; p j;kÞ1=2 for ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ
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provided 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3, modifying RðxÞ if necessary,

where

sub2 sðP j;kÞðt; t; xÞ ¼ q
j;k
1 ðt; t; xÞ þ 1

6
q2t q

2
tp

j;kðt; t; xÞð2:20Þ

þ i

12
q2tq

j;k
0 ðt; t; xÞ � qtq2tp j;kðt; t; xÞ:

Remark. In the lemma the interval ½0; d1� can be replaced by a closed

subinterval of ½0; d1�. From (2.5) we can see that whether the sub sðP j;kÞðt; t; xÞ
satisfy (2.18) or not does not depend on the order of the product in (2.4) while

they depend on the order. Moreover, (2.26) below implies that whether the

sub2 sðP j;kÞðt; t; xÞ satisfy (2.19) or not does not depend on the order of the

product in (2.4) while they depend on the order.

Proof. (2.5) and (2.8)–(2.10) prove the first assertion (i). Assume that

1a jaN0, z0 ¼ ðt0; t0; x0Þ A ½0; d1� � R� ðGj \ Sn�1Þ, ðq l
tpÞðz0Þ ¼ 0 ð0a la 2Þ,

1a k0 a rð jÞ, mð j; k0Þ ¼ 3 and t0 A I
�
j;k0 . Note that pðt; t; x; z0Þ ¼ p j;k0ðt; t; xÞ

and ~ppðt; t; x; z0Þ ¼ P
j

fk0gðt; t; xÞ. Moreover, we may assume that Uðz0Þ ¼ ½0; d1� �
ðGjnf0gÞ and Iðz0Þ ¼ Ij;k0 in the definition of Qðt; t; x; z0Þ, and Qðt; t; x; z0Þ is

defined in ½0; d1� � R� ðGjnf0gÞ. We say that

aðt; t; xÞ1 0 ðmod ðL-2ÞÞ at z0 for ðt; xÞ A ½0; d1� � Gj with jxjb 1

if there is C > 0 such that

min min
s ARðxÞ

jt� sj2; 1
� �

aðt;�a
j;k0
1 ðt; xÞ=3; xÞj

aChm�2ðt;�a
j;k0
1 ðt; xÞ=3; xÞ1=2 for ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ:

(L-2) implies that Qðt; t; x; z0Þ1 0 (mod (L-2)) at z0 for ðt; xÞ A ½0; d1� � Gj with

jxjb 1. It follows from (2.6) that

q
j;k0
1 ðt; t; xÞP j

fk0gðt; t; xÞð2:21Þ

¼ Pm�2ðt; t; xÞ

þ i
X

1ak<larð jÞ
k; l0k0

qtp
j;kðt; t; xÞ � qtp j; lðt; t; xÞ � sub sðP j;k0Þðt; t; xÞ

�P
j

fk0;k; lgðt; t; xÞ
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�
X

1akarð jÞ;k0k0

sub sðP j;k0Þ sub sðP j;kÞP j

fk0;kg

þ i

2

X
1akarð jÞ;k0k0

qtqtp
j;k � sub sðP j;k0ÞP j

fk0;kg

þ i
X

k0<karð jÞ
qtp

j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ i
X

1ak<k0

qtp
j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ 1

2

X
k0<karð jÞ

qtp
j;k � qtq2tp j;k0 �P j

fk0;kg

þ 1

2

X
1ak<k0

qtp
j;k � q2t qtp j;k0 �P j

fk0;kg þOðhm�2ðt; t; xÞ1=2Þ

for ðt; t; xÞ A ½0; d1� � Ij;k0 � Gj with jxjb 1;

where sub sðP j;k0Þ ¼ sub sðP j;k0Þðt; t; xÞ; . . . , since

P
j
fkgðt; t; xÞ ¼ Oðp j;k0ðt; t; xÞjxjm�mð j;kÞ�3Þ

¼ Oðhm�2ðt; t; xÞ1=2jxj�mð j;kÞþ2Þ ðk0 k0Þ;

qtp
j;k0ðt; t; xÞ ¼ Oðh2ðt; t; x; p j;k0Þ1=2Þ;

qtp
j;k0ðt; t; xÞ ¼ Oðh2ðt; t; x; p j;k0Þ1=2jxjÞ;

qtqtp
j;k0ðt; t; xÞ ¼ Oðh1ðt; t; x; p j;k0Þ1=2jxjÞ

for ðt; t; xÞ A ½0; d1� � Ij;k0 � G with jxjb 1:

It also follows from (1.3) and Lemma 2.3 that

Pm�2ðt; t; xÞ þ
1

6
q2t q

2
tp

j;k0ðt; t; xÞ �P j

fk0gðt; t; xÞð2:22Þ

þ i

12
q2t sub sðPÞðt; t; xÞ � qtq2tp j;k0ðt; t; xÞ

¼ Qðt; t; x; z0Þ � 1

4
qtq

2
tp

j;k0ðt; t; xÞ � qtP j

fk0gðt; t; xÞ

� 1

24
ðqtq2tp j;k0ðt; t; xÞÞ2 � qtP j

fk0gðt; t; xÞ;
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fq2tq
j;k0
0 ðt; t; xÞ �P j

fk0gðt; t; xÞ � q2t sub sðPÞðt; t; xÞgqtq2tp j;k0ðt; t; xÞð2:23Þ

¼ �f2qt sub sðP j;k0Þ � qtP j

fk0gðt; t; xÞ

þ sub sðP j;k0Þ � q2tP
j

fk0gðt; t; xÞgqtq
2
tp

j;k0ðt; t; xÞ

þ i

2

X
k0<karð jÞ

f6qtp j;k � qtq
2
tp

j;k0 � qtp j;kgP j

fk0;kg � qtq
2
tp

j;k0

� i

2

X
1ak<k0

f6qtp j;k � qtq
2
tp

j;k0 � qtp j;kgP j

fk0;kg � qtq
2
tp

j;k0

þOðhm�2ðt; t; xÞ1=2Þ for ðt; t; xÞ A ½0; d1� � Ij;k0 � Gj with jxjb 1;

since

q2t sub sðP j;k0Þðt; t; xÞ ¼ q2tq
j;k0
0 ðt; t; xÞ;

q2tfp j;k0ðt; t; xÞ; p j;kðt; t; xÞg

¼ 6qtp
j;kðt; t; xÞ � qtq

2
tp

j;k0ðt; t; xÞ � qtp j;kðt; t; xÞ

þOðh1ðt; t; x; p j;k0Þ1=2jxjmð j;kÞ�1Þ

for ðt; t; xÞ A ½0; d1� � Ij;k0 � Gj with jxjb 1 and k0 k0;

h1ðt; t; x; p j;k0Þ1=2jxjm�3 ¼ Oðhm�2ðt; t; xÞ1=2Þ

for ðt; t; xÞ A ½0; d1� � Ij;k0 � Gj with jxjb 1:

Therefore, (2.20)–(2.23) yield

sub2 sðP j;k0Þðt; t; xÞP j

fk0gðt; t; xÞð2:24Þ

¼ q
j;k0
1 ðt; t; xÞP j

fk0gðt; t; xÞ

þ 1

6
q2t q

2
tp

j;k0ðt; t; xÞ �P j

fk0g þ
i

12
q2t sub sðPÞqtq2tp j;k0

þ i

12
fq2tq

j;k0
0 �P j

fk0g � q2t sub sðPÞgqtq2tp j;k0

¼ Pm�2ðt; t; xÞ þ
1

6
q2t q

2
tp

j;k0 �P j

fk0g þ
i

12
q2t sub sðPÞ � qtq2tp j;k0

þ i
X

1ak<larð jÞ
k; l0k0

qtp
j;k � qtp j; l � sub sðP j;k0ÞP j

fk0;k; lg
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�
X

1akarð jÞ;k0k0

sub sðP j;k0Þ sub sðP j;kÞP j

fk0;kg

þ i

2

X
1akarð jÞ;k0k0

qtqtp
j;k � sub sðP j;k0ÞP j

fk0;kg

þ i
X

k0<karð jÞ
qtp

j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ i
X

1ak<k0

qtp
j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ 1

2

X
k0<karð jÞ

qtp
j;k � qtq2tp j;k0 �P j

fk0;kg

þ 1

2

X
1ak<k0

qtp
j;k � q2t qtp j;k0 �P j

fk0;kg þOðhm�2ðt; t; xÞ1=2Þ

þ i

12
fq2tq

j;k0
0 �P j

fk0g � q2t sub sðPÞgqtq2tp j;k0

¼ i
X

1ak<larð jÞ
k; l0k0

qtp
j;kðt; t; xÞ � qtp j; lðt; t; xÞ � sub sðP j;k0Þðt; t; xÞ

�P
j

fk0;k; lgðt; t; xÞ

�
X

1akarð jÞ;k0k0

sub sðP j;k0Þ sub sðP j;kÞP j

fk0;kg

þ i

2

X
1akarð jÞ;k0k0

qtqtp
j;k � sub sðP j;k0ÞP j

fk0;kg

þ i
X

1ak<k0

qtp
j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ i
X

k0<karð jÞ
qtp

j;k � qt sub sðP j;k0Þ �P j

fk0;kg

þ 1

2

X
1ak<k0

qtp
j;k � q2t qtp j;k0 �P j

fk0;kg þQðt; t; x; z0Þ

� 1

12

X
1ak<k0

ðqtq2tp j;k0Þ2qtp j;k �P j

fk0;kg
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� i

12
f2qt sub sðP j;k0Þ � qtP j

fk0g þ sub sðP j;k0Þq2tP
j

fk0ggqtq
2
tp

j;k0

þOðhm�2ðt; t; xÞ1=2Þ for ðt; t; xÞ A ½0; d1� � Ij;k0 � Gj with jxjb 1;

since

qtP
j

fk0gðt; t; xÞ ¼
X

k0<karð jÞ
qtp

j;k �P j

fk0;kg þ
X

1ak<k0

qtp
j;k �P j

fk0;kg;

qtP
j

fk0gðt; t; xÞ ¼
X

k0<karð jÞ
qtp

j;k �P j

fk0;kg þ
X

1ak<k0

qtp
j;k �P j

fk0;kg:

It follows from (2.14), (2.15), and (2.24) that

sub2 sðP j;k0Þðt; t; xÞP j

fk0gðt; t; xÞð2:25Þ

1Qðt; t; x; z0Þ þ 1

2

X
1ak<k0

q2t qtp
j;k0 � 1

6
ðqtq2tp j;k0Þ2

� �
qtp

j;k �P j

fk0;kg

ðmod ðL-2ÞÞ at z0 for ðt; xÞ A ½0; d1� � Gj with jxjb 1:

On the other hand, we have

ðq2t qtp j;k0Þðt;�a
j;k0
1 ðt; xÞ=3; xÞ � 1

6
ððqtq2tp j;k0Þðt;�a

j;k0
1 =3; xÞÞ2

¼ qtfðqtqtp j;k0Þðt;�a
j;k0
1 =3; xÞg

since

qta
j;k0
1 ðt; xÞ ¼ 1

2
qtq

2
tp

j;k0ðt; t; xÞ:

Modifying RðxÞ if necessary, we can assume that

fRe l; l A W1 and ðqtqtp j;k0Þðl;�a
j;k0
1 ðl; xÞ=3; xÞ ¼ 0g � RðxÞ

if ðqtqtp j;k0Þðt;�a
j;k0
1 ðt; xÞ=3; xÞ2 0 in t;

where W1 is a compact complex neighborhood of ½0; d1�. Since, with C > 0,

jðqtqtp j;k0Þðt;�a
j;k0
1 ðt; xÞ=3; xÞj

aCh1ðt;�a
j;k0
1 =3; x; p j;k0Þ1=2jxj for ðt; xÞ A ½0; d1� � Gj with jxjb 1;
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Lemma 2.1 and (2.25) give

sub2 sðP j;k0Þðt; t; xÞP j

fk0gðt; t; xÞ1Qðt; t; x; z0Þ ðmod ðL-2ÞÞ at z0ð2:26Þ

for ðt; xÞ A ½0; d1� � Gj with jxjb 1;

which proves the assertion (ii). r

3. Proof of Theorem 1.2

In this section we assume that the conditions (A-1), (A-2), (H) and (T) are

satisfied. In order to prove Theorem 1.2 we first derive energy estimates for each

factor in (2.4). Fix j with 1a jaN0, and define

pðlÞðt; t; xÞ ¼ q l
tpðt; t; xÞ ¼

m!

ðm� lÞ!
Ym�l

m¼1

ðt� lðlÞm ðt; xÞÞ ð1a lam� 1Þ;

p j;kðlÞðt; t; xÞ ¼ q l
tp

j;kðt; t; xÞ

¼ mð j; kÞ!
ðmð j; kÞ � lÞ!

Ymð j;kÞ�l

m¼1

ðt� l j;kðlÞ
m ðt; xÞÞ ð1a lamð j; kÞ � 1Þ

for ðt; xÞ A ½0; d1� � Gj with jxjb 1 and 1a ka rð jÞ, where pðt; t; xÞ ¼Qm
m¼1ðt� lmðt; xÞÞ and p j;kðt; t; xÞ ¼

Qmð j;kÞ
m¼1 ðt� l j;k

m ðt; xÞÞ. Here, by Lemma 2.2

we may assume that the lmðt; xÞ, lðlÞm ðt; xÞ, l j;k
m ðt; xÞ and l j;kðlÞ

m ðt; xÞ are real

analytic in t A ½0; d1�. We write, for 1a ka rð jÞ,

p
j;k
l ðt; t; xÞ ¼

Y
1amamð j;kÞ;m0l

ðt� l j;k
m ðt; xÞÞ if mð j; kÞ ¼ 2 or 3;

p
j;k
i; l ðt; t; xÞ ¼

Y
1amamð j;kÞ;m0i; l

ðt� l j;k
m ðt; xÞÞ if i0 l and mð j; kÞ ¼ 3;

p
j;kð1Þ
l ðt; t; xÞ ¼ 3ðt� l j;kð1Þ

m ðt; xÞÞ

if mð j; kÞ ¼ 3; l ¼ 1; 2 and fl; mg ¼ f1; 2g;

P
j;k
l ðt; t; xÞ ¼ p

j;k
l ðt; t; xÞ � i

2
qtqtp

j;k
l ðt; t; xÞ if mð j; kÞ ¼ 2 or 3:ð3:1Þ

Note that P
j;k
l ðt; t; xÞ ¼ p

j;k
l ðt; t; xÞ if mð j; kÞ ¼ 2.

Lemma 3.1. (i) (L-1) for ½0; d1� is satisfied if and only if there are symbols

b
j;k
1; l ðt; xÞ ð1a lamð j; kÞÞ and C > 0 such that the b

j;k
1; l ðt; xÞ are positively
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homogeneous of degree 0 in x and

sub sðP j;kÞðt; t; xÞ ¼
Xmð j;kÞ

l¼1

b
j;k
1; l ðt; xÞp

j;k
l ðt; t; xÞ;ð3:2Þ

min min
s ARðxÞ

jt� sj; 1
� �

jb j;k
1; l ðt; xÞjaC ð1a lamð j; kÞÞð3:3Þ

for ðt; t; xÞ A ð½0; d1�nRðxÞÞ � R� ðGj \ Sn�1Þ

provided that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 2 or 3.

(ii) Assume that (L-1) for ½0; d1� is satisfied. Then (L-2) for ½0; d1� is satisfied if

and only if there are symbols b
j;k
2; l ðt; xÞ ðl ¼ 1; 2Þ and C > 0 such that the b

j;k
2; l ðt; xÞ

are positively homogeneous of degree 0 in x and

sub2 sðP j;kÞðt; t; xÞ ¼ 1

6
ðq2tq

j;k
1 Þðt; 0; xÞ

X3
l¼1

p
j;k
l ðt; t; xÞ

þ
X2
l¼1

b
j;k
2; l ðt; xÞp

j;kð1Þ
l ðt; t; xÞ;

min min
s ARðxÞ

jt� sj2; 1
� �

jb j;k
2; l ðt; xÞjaC ðl ¼ 1; 2Þð3:4Þ

for ðt; t; xÞ A ð½0; d1�nRðxÞÞ � R� ðGj \ Sn�1Þ

provided that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3.

Proof. Since

hmð j;kÞ�1ðt; t; x; p j;kÞ ¼
Xmð j;kÞ

l¼1

p
j;k
l ðt; t; xÞ2

if 1a jaN0; 1a ka rð jÞ and mð j; kÞ ¼ 2 or 3;

(2.18) and Lemma 2.5 of [5] with r ¼ mð j; kÞ prove the assertion (i). Let us prove

the assertion (ii). Assume that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3, and put

f ðt; t; xÞ ¼ sub2 sðP j;kÞðt; t; xÞ � 1

2
q2tq

j;k
1 ðt; t; xÞðt2 � ða j;k

1 ðt; xÞ=3Þ2Þ:

Note that q2tq
j;k
1 ðt; t; xÞ does not depend on t. f ðt; t; xÞ is a polynomial of t of

degree 1 and positively homogeneous of degree 1 in ðt; xÞ. Then we can prove
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that, with some C1;C2 > 0,

min min
s ARðxÞ

jt� sj2; 1
� �

j f ðt; t; xÞjaC1h1ðt; t; x; p j;kÞ1=2ð3:5Þ

for ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ

if and only if

min min
s ARðxÞ

jt� sj2; 1
� �

j f ðt;�a
j;k
1 ðt; xÞ=3; xÞj

aC2h1ðt;�a
j;k
1 ðt; xÞ=3; x; p j;kÞ1=2 for ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ:

Indeed, we have

f ðt; t; xÞ ¼ f ðt;�a
j;k
1 ðt; xÞ=3; xÞ þ ðtþ a

j;k
1 ðt; xÞ=3Þqt f ðt; t; xÞ

¼ f ðt;�a
j;k
1 ðt; xÞ=3; xÞ þOðh1ðt; t; x; p j;kÞ1=2Þ:

By (2.4) of [5] we have

h1ðt; t; x; p j;kÞa 1

2
h1ðt; t; x; p j;kð1ÞÞ ¼ 1

2

X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ2:

We have also

t2 � ða j;k
1 ðt; xÞ=3Þ2

¼ 1

3
p j;kð1Þðt; t; xÞ � 2

9
a
j;k
1 ðt; xÞ

X3
l¼1

ðt� l
j;k
l ðt; xÞÞ

þ
ffiffiffi
3

p

18
ða j;k

1 ðt; xÞ2=3� a
j;k
2 ðt; xÞÞ1=2jp j;kð1Þ

1 ðt; t; xÞ � p
j;kð1Þ
2 ðt; t; xÞj;

q2tq
k
1 ðt; t; xÞðt2 � ða j;k

1 ðt; xÞ=3Þ2Þ ¼ 1

3
q2tq

k
1 ðt; t; xÞp j;kð1Þðt; t; xÞ

þOðh1ðt; t; x; p j;kð1ÞÞ1=2Þ:

Since

f ðt;�a
j;k
1 ðt; xÞ=3; xÞ ¼ sub2 sðP j;kÞðt;�a

j;k
1 ðt; xÞ=3; xÞ;

(2.19), (3.5) and Lemma 2.5 of [5] with r ¼ 2 prove the assertion (ii). r
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We assume that the hypotheses of Theorem 1.2 are fulfilled. Now let us

repeat the same arguments as in §2 and §4 of [5]. Assume that 1a jaN0 and

1a ka rð jÞ. It is easy to see that

ðt� l
j;k
l ðt; xÞÞ �P j;k

l ðt; t; xÞ

¼ p j;kðt; t; xÞ � i

2
qtqtp

j;kðt; t; xÞ

� i

2

X
m0l

qtðl j;k
l ðt; xÞ � l j;k

m ðt; xÞÞ � p j;k
l;m ðt; t; xÞ �

1

2
q2t qtp

j;k
l ðt; t; xÞ

for 1a la 3 and ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1

if mð j; kÞ ¼ 3. So we have

ðt� l
j;k
l ðt; xÞÞ �P j;k

l ðt; t; xÞð3:6Þ

¼ p j;kðt; t; xÞ � i

2
qtqtp

j;kðt; t; xÞ � 1

6
q2t q

2
tp

j;kðt; t; xÞ

� i

2

X
h0l

qtðl j;k
l ðt; xÞ � l

j;k
h ðt; xÞÞ � p j;k

l;h ðt; t; xÞ

� 1

6
q2t fðl

j;k
l ðt; xÞ � l j;k

m ðt; xÞÞ þ ðl j;k
l ðt; xÞ � l j;k

n ðt; xÞÞg

for 1a la 3 and ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1

if mð j; kÞ ¼ 3, where fl; m; ng ¼ f1; 2; 3g. We have also

ðt� l
j;k
l ðt; xÞÞ � p

j;k
l ðt; t; xÞ

¼ p j;kðt; t; xÞ � i

2
qtqtp

j;kðt; t; xÞ � i

2
qtðl j;k

l ðt; xÞ � l j;k
m ðt; xÞÞ

for l ¼ 1; 2 and ðt; t; xÞ A ½0; d1� � R� Gj with jxjb 1

if mð j; kÞ ¼ 2, where fl; mg ¼ f1; 2g. Moreover, we have

ðt� l
j;kð1Þ
l ðt; xÞÞ � p

j;kð1Þ
l ðt; t; xÞð3:7Þ

¼
X3
n¼1

P j;k
n ðt; t; xÞ � 3i

2
qtðl j;kð1Þ

l ðt; xÞ � l j;kð1Þ
m ðt; xÞÞ

if mð j; kÞ ¼ 3, l ¼ 1; 2, ðt; t; xÞ A ½0; d1� � R� Gj , jxjb 1 and fl; mg ¼ f1; 2g.
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(I) Let consider the case where 1a kaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3.

Define

W
j;k
0 ðt; x; gÞ ¼

X
s ARðx=jxjÞ\½0; d1þ1�

hxi3=2
g ððt� sÞ2hxi4=3

g þ 1Þ�1=2;

þ
X

1al<ma3

fðqtðl j;k
l ðt; xÞ � l j;k

m ðt; xÞÞÞ2 þ 1g1=2

� fðl j;k
l ðt; xÞ � l j;k

m ðt; xÞÞ2 þ 1g�1=2 þ 1;

W
j;k
1 ðt; xÞ ¼

X
1al<ma3

jq2t ðl
j;k
l ðt; xÞ � l j;k

m ðt; xÞÞjðjqtðl j;k
l ðt; xÞ � l j;k

m ðt; xÞÞj þ 1Þ�1

þ jqtðl j;kð1Þ
2 ðt; xÞ � l

j;kð1Þ
1 ðt; xÞÞjðjl j;kð1Þ

2 ðt; xÞ � l
j;kð1Þ
1 ðt; xÞj þ 1Þ�1;

L j;kðt; x; gÞ ¼
ð t
0

ðW j;k
0 ðs; x; gÞ þW

j;k
1 ðs; xÞÞ ds

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with jxjb 1 and gb 1, where N j;k ¼ N2ðpÞ [
N1ðp j;kð1ÞÞ [ f0g and hxig ¼ ðg2 þ jxj2Þ1=2. It follows from Lemma 2.2, Lemma

2.4 of [5] and Theorem 1 of [4] that there is C0 > 0 satisfying

0aL j;kðt; x; gÞaC0ðloghxig þ 1Þð3:8Þ

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ and gb 1. For ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with

jxjb 1, Ab 1 and vðt; xÞ A C2ð½0; d1�;LyðRnÞÞ we define

E j;kðt; x; v; g;AÞ ¼
X3
l¼1

e�AL j; k

jP j;k
l vj2 þ

X2
l¼1

W
j;k
0 ðt; x; gÞ2e�AL j; k

jp j;kð1Þ
l vj2

þW
j;k
0 ðt; x; gÞ4e�AL j; k jvj2;

where L j;k ¼ L j;kðt; x; gÞ, P j;k
l ¼ P

j;k
l ðt;Dt; xÞ and p

j;kð1Þ
l ¼ p

j;kð1Þ
l ðt;Dt; xÞ. Then

we have

DtE
j;kðt; x; v; g;AÞð3:9Þ

¼ i
X3
l¼1

½AL j;k
t e�AL j; k jP j;k

l vj2 þ 2 Imfe�AL j; k ðDtP
j;k
l vÞ � ðP j;k

l vÞg�

þ i
X2
l¼1

½ðAðW j;k
0 Þ2L j;k

t � 2W j;k
0 W

j;k
0t Þe�AL j; k

jp j;kð1Þ
l vj2

þ 2 ImfðW j;k
0 Þ2e�AL j; k

ðDt p
j;kð1Þ
l vÞ � ðp j;kð1Þ

l vÞg�
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þ i½ðAðW j;k
0 Þ4L j;k

t � 4ðW j;k
0 Þ3W j;k

0t Þe�AL j; k

jvj2

þ 2 ImfðW j;k
0 Þ4e�AL j; k ðDtvÞ � vg�;

where L j;k
t ¼ qtL

j;kðt; x; gÞ and W
j;k
0t ¼ qtW

j;k
0 ðt; x; gÞ. Since the l

j;k
l ðt; xÞ and the

l
j;kð1Þ
l ðt; xÞ are real-valued, it follows from (3.6) and (3.7) that

Imfe�AL j; k

ðDtP
j;k
l vÞ � ðP j;k

l vÞgð3:10Þ

¼ Imfe�AL j; k

ððDt � l
j;k
l ÞP j;k

l vÞ � ðP j;k
l vÞg

¼ Im e�AL j; k

p j;k � i

2
ðqtqtp j;kÞðt;Dt; xÞ

� �
v

� �
� ðP j;k

l vÞ
� �

� Imfe�AL j; k

ððq2t q
2
tp

j;kÞðt;Dt; xÞvÞ � ðP j;k
l vÞg=6

�Re e�AL j; k X
m0l

ðl j;k
lt � l j;k

mt Þðp j;k
l;m vÞ � ðP

j;k
l vÞ

( )�
2

� Im e�AL j; k X
m0l

ðl j;k
ltt � l j;k

mtt Þv � ðP
j;k
l vÞ

( )�
6;

ImfðW j;k
0 Þ2e�AL j; k ðDt p

j;kð1Þ
l vÞ � ðp j;kð1Þ

l vÞgð3:11Þ

¼ ImfðW j;k
0 Þ2e�AL j; k ððDt � l

j;kð1Þ
l Þp j;kð1Þ

l vÞ � ðp j;kð1Þ
l vÞg

¼
X3
m¼1

ImfðW j;k
0 Þ2e�AL j; k

ðP j;k
m vÞ � ðp j;kð1Þ

l vÞg

� 3 Refð�1Þ lðW j;k
0 Þ2e�AL j; k

ðl j;kð1Þ
2t � l

j;kð1Þ
1t Þv � ðp j;kð1Þ

l vÞg=2;

ImfðW j;k
0 Þ4e�AL j; k

ðDtvÞ � vg ¼ Im
X2
l¼1

ðW j;k
0 Þ4e�AL j; k

ðp j;kð1Þ
l vÞ � v

( )�
6;ð3:12Þ

where l
j;k
l ¼ l

j;k
l ðt; xÞ, l

j;k
lt ¼ qtl

j;k
l ðt; xÞ, l

j;k
ltt ¼ q2t l

j;k
l ðt; xÞ, p

j;k
l;m ¼ p

j;k
l;m ðt;Dt; xÞ

and so forth. Put

f̂feðt; xÞ ¼ P j;kðt;Dt; x; eÞvðt; xÞ;

q j;kðt; t; x; eÞ ¼
X1
l¼0

q
j;k
l ðt; t; xÞ þ rðt; t; x; eÞ
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and write

q
j;k
1 ðt; t; xÞ þ r j;kðt; t; x; eÞ ¼

X2
l¼0

b
j;k
l ðt; x; eÞt2�l

b
j;k
l ðt; x; eÞ ¼ b

j;k
l;0 ðt; xÞ þ b

j;k
l;1 ðt; x; eÞ;

where b
j;k
l;0 ðt; xÞ A S�1þl

1;0 ð½0; d1� � ðGjnf0gÞÞ is positively homogeneous of degree

ð�1þ lÞ in x and b
j;k
l;1 ðt; x; eÞ A S�2þl

1;0 ð½0; d1� � ðGjnf0gÞÞ uniformly in e ðl ¼ 0;

1; 2Þ. Note that

q
j;k
1 ðt; t; xÞ ¼

X2
l¼0

b
j;k
l;0 ðt; xÞt

2�l ;ð3:13Þ

r j;kðt; t; x; eÞ ¼
X2
l¼0

b
j;k
l;1 ðt; x; eÞt

2�l :

Since

jqtW j;k
0 ðt; x; gÞjaW

j;k
0 ðt; x; gÞðW j;k

0 ðt; x; gÞ þ
ffiffiffi
2

p
W

j;k
1 ðt; xÞÞ

a 2W j;k
0 ðt; x; gÞL j;k

t ðt; x; gÞ;

p j;kðt;Dt; xÞvðt; xÞ ¼ P j;kðt;Dt; x; eÞv� q j;kðt;Dt; x; eÞv

¼ f̂feðt; xÞ � q j;kv;

(3.9)–(3.12) yield

qtE
j;kðt; x; v; g;AÞ

a 3ðL j;k
t Þ�1

e�AL j; k

j f̂feðt; xÞj
2

�
X3
l¼1

"
ðA� 4ÞL j;k

t e�AL j; k jP j;k
l vj2

� ðL j;k
t Þ�1

e�AL j; k

q j;k þ i

2
ðqtqtp j;kÞ þ 1

6
ðq2t q

2
tp

j;kÞ
� �

v

����
����
2

� ðL j;k
t Þ�1

e�AL j; k X
m0l

jl j;k
lt � l j;k

mt j2fjp j;k
l;m vj

2=4þ ðW j;k
1 Þ2jvj2=36g

#

� ðA� 10Þ
X2
l¼1

ðW j;k
0 Þ2L j;k

t e�AL j; k

jp j;kð1Þ
l vj2
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þ 2ðW j;k
0 Þ2ðL j;k

t Þ�1
e�AL j; k X3

l¼1

jP j;k
l vj2 þ 9

4
ðW j;k

1 Þ2jl j;kð1Þ
2 � l

j;kð1Þ
1 j2jvj2

( )

� ðA� 13ÞðW j;k
0 Þ4L j;k

t e�AL j; k jvj2 þ
X2
l¼1

ðW j;k
0 Þ4ðL j;k

t Þ�1
e�AL j; k jp j;kð1Þ

l vj2=6;

where ðqtqtp j;kÞ ¼ ðqtqtp j;kÞðt;Dt; xÞ; . . . . First assume that ðt; xÞ A ½0; d1� �
ðGjnN j;kÞ, jxjb gb 1 and

min min
s ARðx=jxjÞ

jt� sj; 1
� �

a hxi�2=3
g :ð3:14Þ

Then we have

W
j;k
0 ðt; x; gÞb hxi2=3

g =
ffiffiffi
2

p
:

So we have, with some C > 0,

ðL j;k
t Þ�1

e�AL j; k

q j;k þ i

2
ðqtqtp j;kÞ þ 1

6
ðq2t q2tp j;kÞ

� �
v

����
����
2

aCðL j;k
t Þ�1

e�AL j; k X3
l¼1

jP j;k
l vj2 þ

X2
l¼1

ðW j;k
0 Þ3jp j;kð1Þ

l vj2 þ ðW j;k
0 Þ6jvj2

( )

aCL j;k
t e�AL j; k X3

l¼1

jP j;k
l vj2 þ

X2
l¼1

ðW j;k
0 Þ2jp j;kð1Þ

l vj2 þ ðW j;k
0 Þ4jvj2

( )
;

since there are c j;k
m ðt; x; eÞ A S

m
1;0ð½0; d1� � ðGjnf0gÞÞ ðm ¼ 0; 1; 2Þ uniformly in e

satisfying

q j;kðt; t; x; eÞ þ i

2
qtqtp

j;kðt; t; xÞ þ 1

6
q2t q

2
tp

j;kðt; t; xÞ

¼ c
j;k
0 ðt; x; eÞ

X3
l¼1

P
j;k
l ðt; t; xÞ þ c

j;k
1 ðt; x; eÞ

X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ þ c

j;k
2 ðt; x; eÞ:

Note that there is C > 0 such that

jl j;k
lt ðt; xÞjaCjxj for 1a la 3 and ðt; xÞ A ½0; d1� � Gj with jxjb 1

(see, e.g., Theorem 1 of [4]). Then it follows from (4.11) of [5] that, with

C > 0,
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ðL j;k
t Þ�1

e�AL j; k X
m0l

jl j;k
lt � l j;k

mt j
2fjp j;k

l;m vj
2=4þ ðW j;k

1 Þ2jvj2=36g

aCL j;k
t e�AL j; k X2

m¼1

ðW j;k
0 Þ2jp j;kð1Þ

m vj2 þ ðW j;k
0 Þ4jvj2

( )
ð1a la 3Þ;

2ðW j;k
0 Þ2ðL j;k

t Þ�1
e�AL j; k X3

m¼1

jP j;k
m vj þ 9ðW j;k

1 Þ2jl j;kð1Þ
2 � l

j;kð1Þ
1 j2jvj2=4

( )

aCL j;k
t e�AL j; k X3

m¼1

jP j;k
m vj2 þ ðW j;k

0 Þ2
X2
m¼1

jp j;kð1Þ
m vj2

( )
:

Therefore, there is A0 > 0 satisfying

qtE
j;kðt; x; v; g;AÞa 3j f̂feðt; xÞj

2ð3:15Þ

for e A ð0; 1� and AbA0 if (3.14) is satisfied. Next assume that ðt; xÞ A ½0; d1� �
ðGjnN j;kÞ, jxjb gb 1 and (3.14) is not satisfied, i.e.,

min min
s ARðx=jxjÞ

jt� sj; 1
� �

b hxi�2=3
g :

Then we have

W
j;k
0 ðt; x; gÞb

ffiffiffi
2

p
min min

s ARðx=jxjÞ\½0; d1þ1�
jt� sj; 1

� �� ��1

:ð3:16Þ

Operating q2t in the both sides of (3.2), we have

q2t sub sðP j;kÞðt; t; xÞ ¼ q2tq
j;k
0 ðt; t; xÞ ¼ 2

X3
l¼1

b
j;k
1; l ðt; xÞ:ð3:17Þ

Since

qtqtp
j;k
l ðt; t; xÞ ¼ �

X
m0l

l j;k
mt ðt; xÞ;

X3
l¼1

qtqtp
j;k
l ðt; t; xÞ ¼ qtq

2
tp

j;kðt; t; xÞ ¼ 2qta
j;k
1 ðt; xÞ ¼ �2

X3
l¼1

l
j;k
lt ðt; xÞ;ð3:18Þ

qtqtp
j;k
l ðt; t; xÞ � qtq

2
tp

j;kðt; t; xÞ=3 ¼ �
X
m0l

ðl j;k
mt ðt; xÞ � l

j;k
lt ðt; xÞÞ=3;
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t ¼
X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ=6� a

j;k
1 ðt; xÞ=3;

X3
l¼1

P
j;k
l ðt; t; xÞ ¼ qtp

j;kðt; t; xÞ � i

2
qtq

2
tp

j;kðt; t; xÞ

¼ 3t2 þ 2a j;k
1 ðt; xÞtþ a

j;k
2 ðt; xÞ � iqta

j;k
1 ðt; xÞ;

t2 ¼
X3
l¼1

P
j;k
l ðt; t; xÞ=3� a

j;k
1 ðt; xÞ

X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ=9

þ 2ða j;k
1 ðt; xÞ=3Þ2 þ iqta

j;k
1 ðt; xÞ=3� a

j;k
2 ðt; xÞ=3;

(2.20), (3.1), (3.17) and Lemma 3.1 give

q j;kðt; t; x; eÞ þ i

2
qtqtp

j;kðt; t; xÞ þ 1

6
q2t q

2
tp

j;kðt; t; xÞ

¼ sub sðP j;kÞðt; t; xÞ þ q
j;k
1 ðt; t; xÞ þ r j;kðt; t; x; eÞ þ 1

6
q2t q

2
tp

j;kðt; t; xÞ

¼
X3
l¼1

b
j;k
1; l ðt; xÞ P

j;k
l ðt; t; xÞ þ i

2
qtqtp

j;k
l ðt; t; xÞ � 1

3
qtq

2
tp

j;kðt; t; xÞ
� �� �

þ i

12
q2tq

j;k
0 ðt; t; xÞ � qtq2tp j;kðt; t; xÞ þ q

j;k
1 ðt; t; xÞ

þ 1

6
q2t q

2
tp

j;kðt; t; xÞ þ b
j;k
0;1ðt; x; eÞt

2 þ b
j;k
1;1ðt; x; eÞtþ b

j;k
2;1ðt; x; eÞ

¼
X3
l¼1

b
j;k
1; l ðt; xÞ P

j;k
l ðt; xÞ � i

6

X
m0l

ðl j;k
mt ðt; xÞ � l

j;k
lt ðt; xÞÞ

( )

þ sub2 sðP j;kÞðt; t; xÞ

þ b
j;k
0;1ðt; x; eÞ

(X3
l¼1

P
j;k
l ðt; t; xÞ=3� a

j;k
1 ð�Þ

X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ=9

þ 2ða j;k
1 ð�Þ=3Þ2 � a

j;k
2 ð�Þ=3þ iqta

j;k
1 ðt; xÞ=3

)

þ b1;1ðt; x; eÞ
X2
l¼1

p
j;kð1Þ
l ðt; t; xÞ=6� a

j;k
1 ðt; xÞ=3

( )
þ b

j;k
2;1ðt; x; eÞ
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¼
X3
l¼1

ðb j;k
1; l ðt; xÞ þ b

j;k
0 ðt; x; eÞ=3ÞP j;k

l ðt; t; xÞ

� i

6

X3
l¼1

X
m0l

b
j;k
1; l ðt; xÞðl

j;k
mt ðt; xÞ � l

j;k
lt ðt; xÞÞ

þ
X2
l¼1

fb j;k
2; l ðt; xÞ þ b

j;k
1;1ðt; x; eÞ=6� b

j;k
0;1ðt; x; eÞa

j;k
1 ðt; xÞ=9gp j;kð1Þ

l ðt; xÞ

þ g
j;k
0 ðt; x; eÞ;

where

g
j;k
0 ðt; x; eÞ ¼ i

3
b
j;k
0;0ðt; xÞqta

j;k
1 ðt; xÞ

þ b
j;k
0;1ðt; x; eÞð2ða

j;k
1 ðt; xÞ=3Þ2 � a

j;k
2 ðt; xÞ=3þ iqta

j;k
1 ðt; xÞ=3Þ

� b
j;k
1;1ðt; x; eÞa

j;k
1 ðt; xÞ=3þ b

j;k
2;1ðt; x; eÞ

A S0
1;0ð½0; d1� � ðGjnf0gÞÞ uniformly in e ðA ð0; 1�Þ:

Here we have used the identity that

sub2 sðP j;kÞðt; t; xÞ ¼ 1

3
b
j;k
0;0ðt; xÞ

X3
l¼0

P
j;k
l ðt; t; xÞ þ i

3
b
j;k
0;0ðt; xÞqta

j;k
1 ðt; xÞ

þ
X2
l¼1

b
j;k
2; l ðt; xÞp

j;kð1Þ
l ðt; xÞ;

which follows from Lemma 3.1 (ii), (3.1), (3.13) and (3.18). By (3.3), (3.4), (3.16)

and (4.11) of [5] there is C > 0 such that

ðL j;k
t Þ�1

e�AL j; k

q j;k þ i

2
ðqtqtp j;kÞ þ 1

6
ðq2t q

2
tp

j;kÞ
� �

v

����
����
2

aCL j;k
t e�AL j; k X3

l¼1

jP j;k
l vj2 þ

X2
l¼1

ðW j;k
0 Þ2jp j;kð1Þ

l vj2 þ ðW j;k
0 Þ4jvj2

( )

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with jxjb 1 and e A ð0; 1�;

since
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jb j;k
n; l ðt; xÞjaCW

j;k
0 ðt; x; gÞn ðn ¼ 1; 2Þ;

jðl j;k
mt ðt; xÞ � l

j;k
lt ðt; xÞÞvj2 aW

j;k
0 ðt; x; gÞ2ðjl j;k

m ðt; xÞ � l
j;k
l ðt; xÞj2 þ 1Þjvj2

aW
j;k
0 ðt; x; gÞ2ðjðp j;k

m; n ðt;Dt; xÞ � p
j;k
l; n ðt;Dt; xÞÞvj2 þ jvj2Þ

a 2W j;k
0 ðt; x; gÞ2

X2
h¼1

jp j;kð1Þ
h vj2 þ jvj2

 !
;

where fl; m; ng ¼ f1; 2; 3g. Similarly, we have, with C > 0,

ðL j;k
t Þ�1

e�AL j; k X3
l¼1

X
m0l

jl j;k
lt � l j;k

mt j2fjp j;k
l;m vj

2=4þ ðW j;k
1 Þ2jvj2=36g

aL j;k
t e�AL j; k X3

l¼1

X
m0l

ðjl j;k
l � l j;k

m j2 þ 1Þfjp j;k
l;m vj

2=4þ ðW j;k
0 Þ2jvj2=36g

aCL j;k
t e�AL j; k X3

l¼1

jP j;k
l vj2 þ ðW j;k

0 Þ2
X2
l¼1

jp j;kð1Þ
l vj2 þ ðW j;k

0 Þ2jvj2
( )

;

ðW j;k
0 Þ2ðL j;k

t Þ�1
e�AL j; k

ðW j;k
1 Þ2jl j;kð1Þ

2 � l
j;kð1Þ
2 j2jvj2

a 2L j;k
t e�AL j; k

ðW j;k
0 Þ2

X2
l¼1

jp j;kð1Þ
l vj2=9;

since

jðl j;k
l � l j;k

m Þp j;k
l;m vj

2

¼ P
j;k
l v�P j;k

m vþ i

2
ðl j;k

lt � l j;k
mt Þv

����
����
2

a 3 jP j;k
l vj2 þ jP j;k

m vj2 þ 2ðW j;k
0 Þ2

X2
h¼1

jp j;kð1Þ
h vj2=9þ jvj2

 !( )
;

ðl j;kð1Þ
2 � l

j;kð1Þ
1 Þv ¼ ðp j;kð1Þ

2 � p
j;kð1Þ
1 Þv=3:

Therefore, modifying A0 if necessary, we can see that (3.15) holds for ðt; xÞ A
½0; d1� � ðGjnN j;kÞ with jxjb 1, e A ð0; 1� and AbA0. This gives

E j;kðt; x; v; g;AÞaE j;kð0; x; v; g;AÞ þ 3

ð t
0

j f̂feðs; xÞj
2
dsð3:19Þ
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if AbA0, ðt; xÞ A ½0; d1� � ðGjnN j;kÞ, jxjb gb 1 and e A ð0; 1�. We note that A0

and C0 in (3.8) depend on P j;kðt; t; x; eÞ.

Lemma 3.2. Assume that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3. Then

there are c > 0 and CA > 0 such that

cE j;kðt; x; v; g;AÞa
X2
l¼0

hxi4�2l
g jDl

t vðt; xÞj
2
aCAhxi

4þAC0
g E j;kðt; x; v; g;AÞ

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with jxjb gb 1, e A ð0; 1� and v A C2ð½0; d1�;
LyðRnÞÞ.

Proof. We can write

D2
t vðt; xÞ ¼

1

3

X3
l¼1

P
j;k
l ðt;Dt; xÞvðt; xÞ þ

X1
l¼0

clðt; xÞDl
t vðt; xÞ þ

i

3
qta

j;k
1 ðt; xÞ � vðt; xÞ;

where jclðt; xÞjaCjxj2�l . Similarly, we have

Dtvðt; xÞ ¼
1

6

X2
l¼1

p
j;kð1Þ
l ðt;Dt; xÞvðt; xÞ þ d j;kðt; xÞvðt; xÞ;

where jd j;kðt; xÞjaCjxj. Therefore, we have

X2
l¼0

hxi4�2l
g jDl

t vðt; xÞj
2

aCAhxi
4þAC0
g e�AL j; k X3

l¼1

jP j;k
l vj2 þ

X2
l¼1

ðW j;k
0 Þ2jp j;kð1Þ

l vj2 þ ðW j;k
0 Þ4jvj2

( )

aCAhxi
4þAC0
g E j;kðt; x; v; g;AÞ:

It is obvious that, with C > 0,

E j;kðt; x; v; g;AÞaC
X2
l¼0

hxi4�2l
g jDl

t vðt; xÞj
2;

since W
j;k
0 ðt; x; gÞaChxi2=3

g . r

Lemma 3.3. Assume that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3. Then for

m A N with mb 2 and k A R there are nj;k > 0 and Cm > 0 such that
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Xm
l¼0

hxi2mþ2k�2l
g jDl

t vðt; xÞj
2ð3:20Þ

aCm

(X2
l¼0

hxi2mþ2kþ4þnj; k�2l
g jðDl

t vÞð0; xÞj
2

þ
ð t
0

hxi2mþ2kþnj; k
g jP j;kðs;Ds; x; eÞvðs; xÞj2 ds

þ
Xm�3

l¼0

hxi2mþ2k�6�2l
g jDl

tP
j;kðt;Dt; x; eÞvðt; xÞj2

)

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with jxjb gb 1, e A ð0; 1� and v A Cyð½0; d1�;
LyðRnÞÞ, where

Pm�3
l¼0 � � � ¼ 0 when m ¼ 2 and the nj;k do not depend on m.

Proof. From (3.19) with A ¼ A0 and Lemma 3.2 with A ¼ A0 it follows

that (3.20) is valid for m ¼ 2 if nj;k bA0C0. Let Mb 2, and assume that (3.20) is

valid for m ¼ M. Then we have

XMþ1

l¼0

hxi2Mþ2þ2k�2l
g jDl

t vðt; xÞj
2ð3:21Þ

aCM

(X2
l¼0

hxi2Mþ2þ2kþ4þnj; k�2l
g jðDl

t vÞð0; xÞj
2

þ
ð t
0

hxi2Mþ2þ2kþnj; k
g jP j;kðs;Ds; x; eÞvðs; xÞj2 ds

þ
Xm�3

l¼0

hxi2Mþ2þ2k�6�2l
g jDl

tP
j;kðt;Dt; x; eÞvðt; xÞj2

)

þ hxi2k
g jDMþ1

t vðt; xÞj2

for ðt; xÞ A ½0; d1� � ðGjnN j;kÞ with jxjb gb 1, e A ð0; 1� and v A Cyð½0; d1�;
LyðRnÞÞ. On the other hand, we have

D3
t vðt; xÞ ¼ �

X2
l¼0

a
j;k
3�lðt; x; eÞD

l
t vðt; xÞ þ P j;kðt;Dt; x; eÞvðt; xÞ;

where P j;kðt; t; x; eÞ ¼ t3 þ
P3

l¼1 a
j;k
l ðt; x; eÞt3�l . By induction we can easily show

that for h A Zþ there are symbols a
j;k;h
3þh�lðt; x; eÞ A S3þh�l

1;0 ð½0; d1� � ðGjnf0gÞÞ
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ðl ¼ 0; 1; 2Þ and b
j;k;h
h�l ðt; x; eÞ A Sh�l

1;0 ð½0; d1� � ðGjnf0gÞÞ uniformly in e A ð0; 1�
ð0a la hÞ satisfying

D3þh
t vðt; xÞ ¼

X2
l¼0

a
j;k;h
3þh�lðt; x; eÞD

l
t vðt; xÞ þ

Xh
l¼0

b
j;k;h
h�l ðt; x; eÞDl

tP
j;kðt;Dt; x; eÞvðt; xÞ:

This, with (3.20) for m ¼ 2 and (3.21), proves that (3.20) is valid for m ¼ M þ 1.

r

(II) Next consider the case where 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 2.

Define

W
j;k
0 ðt; x; gÞ ¼

X
s ARðx=jxjÞ\½0; d1�

hxi1=2
g ððt� sÞ2hxig þ 1Þ�1=2 þ 1;

W
j;k
1 ðt; xÞ ¼ jqtðl j;k

1 ðt; xÞ � l
j;k
2 ðt; xÞÞj=ðjl j;k

1 ðt; xÞ � l
j;k
2 ðt; xÞj þ 1Þ;

L j;kðt; x; gÞ ¼
ð t
0

ðW0ðs; x; gÞ þW1ðs; xÞÞ ds

for ðt; xÞ A ½0; d1� � ðGjnN0Þ with jxjb 1 and gb 1, where N0 ¼ N2ðpÞ [ f0g.
Similarly, we have

jqtW j;k
0 ðt; x; gÞjaW

j;k
0 ðt; x; gÞ2;

0aL j;kðt; x; gÞaC0ðloghxig þ 1Þ

for ðt; xÞ A ½0; d1� � ðGjnN0Þ with jxjb 1, where C0 > 0. For ðt; xÞ A ½0; d1� �
ðGjnN0Þ with jxjb 1, Ab 1 and vðt; xÞ A C1ð½0; d1�;LyðRnÞÞ we define

E j;kðt; x; v; g;AÞ ¼
X2
l¼1

e�AL j; k jp j;k
l vj2 þW

j;k
0 ðt; x; gÞ2e�AL j; k jvj2;

where L j;k ¼ L j;kðt; x; gÞ and p
j;k
l ¼ p

j;k
l ðt;Dt; xÞ. Then we have

DtE
j;kðt; x; v; g;AÞ ¼ i

X2
l¼1

AL j;k
t e�AL j; k

jp j;k
l vj2 þ 2i Imfe�AL j; k

ðDt p
j;k
l vÞ � ðp j;k

l vÞg

þ iðAL j;k
t ðW j;k

0 Þ2 � 2W j;k
0 W

j;k
0t Þe�AL j; k

jvj2

þ 2i ImfðW j;k
0 Þ2e�AL j; k

ðDtvÞ � vg;
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where L j;k
t ¼ qtL

j;kðt; x; gÞ, W
j;k
0 ¼ W

j;k
0 ðt; x; gÞ and W

j;k
0t ¼ qtW

j;k
0 ðt; x; gÞ.

Put

f̂feðt; xÞ ¼ P j;kðt;Dt; x; eÞvðt; xÞ

P j;kðt; t; x; eÞ ¼ p j;kðt; t; xÞ þ q j;kðt; t; xÞ þ r j;kðt; t; x; eÞ;

where q j;kðt; t; xÞ A S1
1;0ð½0; d1� � ðGjnN0ÞÞ is positively homogeneous of degree 1

for jxjb 1 and r j;kðt; t; x; eÞ A S1;�1
1;0 ð½0; d1� � ðGjnN0ÞÞ uniformly in e. Then we

have

qtE
j; kðt; x; v; g;AÞð3:22Þ

a�
X2
l¼1

½AL j; k
t e�AL j; k jp j; k

l vj2

� 2 Imfe�AL j; k ðDt � l
j; k
l Þp j; k

l v � ðp j; k
l vÞg�

� fAL j; k
t ðW j; k

0 Þ2 � 2ðW j; k
0 Þ3ge�AL j; k jvj2

� Im ðW j; k
0 Þ2e�AL j; k X2

l

p
j; k
l v � v

( )

a�
X2
l¼1

e�AL j; k

"
AL j; k

t jp j; k
l vj2 � ðL j; k

t Þ�1j f̂fej
2 � 3L j; k

t jp j; k
l vj2

� 3ðL j; k
t Þ�1

sub sðP j; kÞðt;Dt; xÞ þ ð�1Þ l i
2
qtðl j; k

2 � l
j; k
1 Þ

� �
v

����
����
2

� 3ðL j; k
t Þ�1jr j; kvj2

#
� fAL j; k

t ðW j; k
0 Þ2 � 2ðW j; k

0 Þ3ge�AL j; k jvj2

þ ðL j; k
t Þ�1ðW j; k

0 Þ2e�AL j; k X2
l¼1

jp j; k
l vj2 þ 1

2
L j; k

t ðW j; k
0 Þ2e�AL j; k jvj2

a 2ðL j; k
t Þ�1

e�AL j; k j f̂fej
2 �

X2
l¼1

ðA� 4ÞL j; k
t e�AL j; k jp j; k

l vj2

þ 12ðL j; k
t Þ�1

e�AL j; k jsub sðP j; kÞvj2

þ 3ðL j; k
t Þ�1

e�AL j; k jðl j; k
1t � l

j; k
2t Þvj2 þ 6ðL j; k

t Þ�1
e�AL j; k jr j; kvj2

� ðA� 5=2ÞL j; k
t ðW j; k

0 Þ2e�AL j; k jvj2
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since

ðt� l
j;k
l ðt; xÞÞ � p

j;k
l ðt; t; xÞ

¼ P j;kðt; t; x; eÞ � q j;kðt; t; xÞ � r j;kðt; t; x; eÞ � iqtp
j;k
l ðt; t; xÞ;

�iqtp
j;k
l ðt; t; xÞ ¼ ð�1Þ l i

2
qtðl j;k

1 ðt; xÞ � l
j;k
2 ðt; xÞÞ � i

2
qtqtp

j;kðt; t; xÞ ðl ¼ 1; 2Þ;

where p
j;k
l ¼ p

j;k
l ðt;Dt; xÞ, l

j;k
l ¼ l

j;k
l ðt; xÞ, sub sðP j;kÞ ¼ sub sðP j;kÞðt;Dt; xÞ,

l
j;k
lt ¼ qtl

j;k
l ðt; xÞ and so forth. It is easy to see that

jðl j;k
1t ðt; xÞ � l

j;k
2t ðt; xÞÞvðt; xÞj2 a 4ðL j;k

t Þ2
X2
l¼1

jp j;k
l vj2 þ 2ðL j;k

t Þ2jvj2;ð3:23Þ

jr j;kðt;Dt; x; eÞvðt; xÞj2 aC jxj�2
X2
l¼1

jp j;k
l vj2 þ jvj2

( )
ð3:24Þ

for ðt; xÞ A ½0; d1� � ðGjnN0Þ with jxjb 1 and e A ð0; 1�;

where C > 0. First assume that

min min
s ARðx=jxjÞ\½0; d1þ1�

jt� sj; 1
� �

a hxi�1=2
g :ð3:25Þ

Then we have

W
j;k
0 ðt; x; gÞb hxi1=2

g =
ffiffiffi
2

p
:

Therefore, there is A0 > 0 satisfying

qtE
j;kðt; x; v; g;AÞa 2j f̂feðt; xÞj

2ð3:26Þ

for ðt; xÞ A ½0; d1� � ðGjnN0Þ with jxjb 1, e A ð0; 1� and AbA0 if (3.25) is sat-

isfied. Next assume that

min min
s ARðx=jxjÞ\½0; d1þ1�

jt� sj; 1
� �

b hxi�1=2
g :

Then we have

W
j;k
0 ðt; x; gÞb

ffiffiffi
2

p
min min

s ARðx=jxjÞ\½0; d1þ1�
jt� sj; 1

� �� ��1

:

Lemma 3.1 (i) and (3.22)–(3.24) prove that (3.26) is valid for ðt; xÞ A ½0; d1� �
ðGjnN0Þ with jxjb 1, e A ð0; 1� and AbA0, with a modification of A0 if nec-

essary. Repeating the same argument as in Lemma 3.3, we have the following

41On the Cauchy problem for hyperbolic operators I



Lemma 3.4. Assume that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 2. Then for

m A N and k A R there are nj;k > 0 and Cm > 0 such that

Xm
l¼0

hxi2mþ2k�2l
g jDl

t vðt; xÞj
2

aCm

(X1
l¼0

hxi2mþ2kþ2þnj; k�2l
g jðDl

t vÞð0; xÞj
2

þ
ð t
0

hxi2mþ2kþnj; k
g jP j;kðs;Ds; x; eÞvðs; xÞj2 ds

þ
Xm�2

l¼0

hxi2mþ2k�4�2l
g jDl

tP
j;kðt;Dt; x; eÞvðt; xÞj2

)

for ðt; xÞ A ½0; d1� � ðGjnN0Þ with jxjb gb 1, e A ð0; 1� and v A Cyð½0; d1�;
LyðRnÞÞ, where

Pm�2
l¼0 � � � ¼ 0 when m ¼ 1 and the nj;k do not depend on m.

(III) Now consider the case where 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 1.

Define

E j;kðt; x; v;AÞ ¼ e�Atjvðt; xÞj2

for ðt; xÞ A ½0; d1� � Gj with jxjb 1, Ab 1 and vðt; xÞ A Cð½0; d1�;LyðRnÞÞ. Then

we have

DtE
j;kðt; x; v;AÞ ¼ iAe�Atjvðt; xÞj2 þ 2i Imfe�Atp j;kv � vg;

where p j;k ¼ p j;kðt;Dt; xÞ ð¼ Dt � l j;kðt; xÞÞ. Applying the same argument as in

the proof of Lemma 3.3, we can prove the following

Lemma 3.5. Assume that 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 1. Then for

m A Zþ and k A R there is Cm > 0 such that

Xm
l¼0

hxi2mþ2k�2l
g jDl

t vðt; xÞj
2

aCm

(
hxi2mþ2k

g jvð0; xÞj2 þ
ð t
0

hxi2mþ2k
g jP j;kðs;Ds; x; eÞvðs; xÞj2 ds

þ
Xm�1

l¼0

hxi2mþ2k�2�2l
g jDl

tP
j;kðt;Dt; x; eÞvðt; xÞj2

)
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for ðt; xÞ A ½0; d1� � Gj with jxjb gb 1, e A ð0; 1� and v A Cyð½0; d1�;LyðRnÞÞ,
where

Pm�1
l¼0 � � � ¼ 0 when m ¼ 0.

Let f ðt; xÞ A CyðR;SðRn
xÞÞ satisfy supp f � fðt; xÞ A R� Rn; tb 0g, and

consider the Cauchy problem

Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ;
uðt; xÞjt<0 ¼ 0:

�
ðCPÞ0

Put

~GG1 ¼ G1; ~GGj ¼ Gj

�[j�1

l¼1

Gl ð2a jaN0Þ;

~NN ¼
[N0

j¼1

[
1akarð jÞ;mð j;kÞ¼3

N j;k

0
@

1
A[N2ðpÞ [ f0g:

Let v0ðt; x; eÞ ð1 vðt; xÞÞ A CyðR;SðRn
x ÞÞ satisfy v0ðt; x; eÞjt<0 ¼ 0, and define

vkþ1ðt; x; eÞ ¼ P j; rð jÞ�kðt;Dt; x; eÞvkðt; x; eÞ

for 1a jaN0; x A ~GGjn ~NN and 0a ka rð jÞ � 1:

Then it follows from Lemmas 3.3–3.5 that for 1a jaN0, 0a ka rð jÞ � 1,

mbmð j; rð jÞ � kÞ, k A R and ðt; xÞ A ½0; d1� � ð~GGjn ~NNÞ with jxjb gb 1

Xm
l¼0

ð t
0

hxi2mþ2k�2l
g jDl

svkðs; x; eÞj
2
ds

aCm

Xm�mð j; rð jÞ�kÞ

l¼0

ð t
0

hxi2mþ2kþ~nnj; k�2l
g jDl

svkþ1ðs; x; eÞj2 ds;

where Cm > 0, ~nnj;k ¼ 0 if mð j; rð jÞ � kÞ ¼ 1 and ~nnj;k ¼ nj; rð jÞ�k if mð j; rð jÞ � kÞ ¼
2 or 3, since

ð t
0

ð s1
0

jgðs; xÞj ds
� �

ds1 ¼
ð t
0

ð t
s

jgðs; xÞj ds1
� �

ds

¼
ð t
0

ðt� sÞjgðs; xÞj dsa d1

ð t
0

jgðs; xÞj ds

for t A ½0; d1�. This yields
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Xm
l¼0

ð t
0

hxi2mþ2k�2l
g jDl

sv0ðs; x; eÞj
2
ds

aCm

Xm�m

l¼0

ð t
0

hxi2mþ2k�2lþ~nn
g jDl

svrð jÞðs; x; eÞj
2
ds

for 1a jaN0, mbm, k A R and ðt; xÞ A ½0; d1� � ð~GGjn ~NNÞ with jxjb gb 1, where

Cm > 0 and ~nn ¼ max1ajaN0
ð~nnj;0 þ ~nnj;1 þ � � � þ ~nnj; rð jÞ�1Þ. By (2.4) we can see that

there are C > 0 and CN > 0 ðN ¼ 0; 1; 2; . . .Þ satisfying

Xm
l¼0

ð t
0

hxi2mþ2k�2l
g jDl

svðs; xÞj
2
ds

aC

ð t
0

hxi2mþ2kþ~nn
g jPðs;Ds; x; eÞvðs; xÞj2 ds

þ CN

Xm�1

l¼0

ð t
0

hxi2mþ2k�2l�N
g jDl

svðs; xÞj
2
ds

for k A R, ðt; xÞ A ½0; d1� � ðRnn ~NNÞ with jxjb gb 1 and N ¼ 0; 1; 2; . . . . There-

fore, taking g0 ¼ 2C1 and modifying ~nn if necessary, we have

Xm
l¼0

ð t
0

hxi2mþ2k�2l
g jDl

svðs; xÞj
2
dsð3:27Þ

a 2C

ð t
0

hxi2mþ2kþ~nn
g jPðs;Ds; x; eÞvðs; xÞj2 ds

for vðt; xÞ A CyðR;SðRn
x ÞÞ with vðt; xÞjt<0 ¼ 0 if k A R, ðt; xÞ A ½0; d1� � ðRnn ~NNÞ,

e A ð0; 1� and jxjb gb g0.

Lemma 3.6. There are Cm > 0 ðmbmÞ such that

Xm
l¼0

ð t
0

hxi2mþ2k�2l
g jDl

svðs; xÞj
2
dsð3:28Þ

aCm

Xm�m

l¼0

ð t
0

hxi2mþ2k�2lþ~nn
g jDl

sPðs;Ds; x; eÞvðs; xÞj2 ds

for mbm, k A R, vðt; xÞ A CyðR;SðRn
x ÞÞ with vðt; xÞjt<0 ¼ 0, ðt; xÞ A ½0; d1� �

ðRnn ~NNÞ with jxjb gb g0 and e A ð0; 1�.
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Proof. Let Mbm, and assume that (3.28) is valid for m ¼ M. We

have

Dm
t vðt; xÞ ¼ �

Xm�1

l¼0

am�lðt; x; eÞDl
t vðt; xÞ þ Pðt;Dt; x; eÞvðt; xÞ;

where alðt; x; eÞ ¼
P

jajal al;aðt; eÞx
a A S l

1;0ð½0; d1� � RnÞ uniformly in e A ð0; 1�
ð1a lamÞ. By induction we can easily show that for h A Zþ there are symbols

ah
mþh�lðt; x; eÞ A Smþh�l

1;0 ð½0; d1� � RnÞ and bh
h�nðt; x; eÞ A Sh�n

1;0 ð½0; d1� � RnÞ ð0a la

m� 1; 0a na hÞ uniformly in e A ð0; 1� satisfying

Dmþh
t vðt; xÞ ¼

Xm�1

l¼0

ah
mþh�lðt; x; eÞDl

t vðt; xÞ þ
Xh
l¼0

bh
h�lðt; x; eÞDl

tPðt;Dt; x; eÞvðt; xÞ:

This, with (3.27) and (3.28) for m ¼ M, proves (3.28) for m ¼ M þ 1. r

(IV) Let us derive energy estimates for jxja g. Define

E0ðt; x; v; g;AÞ ¼
Xm�1

l¼0

e�Athxi2m�2�2l
g jDl

t vðt; xÞj
2

for ðt; xÞ A ½0; d1� � Rn with jxja g and vðt; xÞ A Cmð½0; d1�;LyðRnÞÞ, where Ab 1

and gb g0. Then we have

DtE
0ðt; x; v; g;AÞ ¼

Xm�1

l¼0

iAe�Athxi2m�2�2l
g jDl

t vðt; xÞj
2 þ 2ie�At ImfDm

t v � ðDm�1
t vÞg

þ
Xm�2

l¼0

2ihxi2m�2�2l
g e�At ImfDlþ1

t v � ðDl
t vÞg:

Since Pðt; t; x; eÞ � tm A Sm�1;1
1;0 ðR� RnÞ uniformly in e, there is C0 > 0 such that

qtE
0ðt; x; v; g;AÞa 4A�1e�AtjPðt;Dt; x; eÞvðt; xÞj2

if AbC0g and jxja g. This yields

Xm�1

l¼0

hxi2mþ2k�2�2l
g jDl

t vðt; xÞj
2

aCg

Xm�1

l¼0

hxi2mþ2k�2�2l
g jðDl

t vÞð0; xÞj
2 þ

ð t
0

hxi2k
g jPðs;Ds; x; eÞvðs; xÞj2 ds

( )
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for ðt; xÞ A ½0; d1� � Rn with jxja g, e A ð0; 1� and vðt; xÞ A Cmð½0; d1�;LyðRnÞÞ,
where Cg is a positive constant depending on g. Similarly, for mbm� 1 there are

Cg;m > 0 ðmbm� 1Þ such that

Xm
l¼0

hxi2mþ2k�2l
g jDl

t vðt; xÞj
2
aCg;m

(Xm�1

l¼0

hxi2mþ2k�2l
g jðDl

t vÞð0; xÞj
2

þ
ð t
0

hxi2mþ2k�2mþ2
g jPðs;Ds; x; eÞvðs; xÞj2 ds

þ
Xm�m

l¼0

hxi2mþ2k�2m�2l
g jDl

tPðt;Dt; x; eÞvðt; xÞj2
)

for ðt; xÞ A ½0; d1� � Rn with jxja g, e A ð0; 1� and vðt; xÞ A Cmð½0; d1�;LyðRnÞÞ,
where

P�1
l¼0 � � � ¼ 0. This, together with Lemmas 3.3–3.6, yields the following

Lemma 3.7. There are g0 b 1, Cg;m > 0 ðgb g0; mbmÞ and n0 > 0 such

that

Xm
l¼0

khDxi
mþk�l
g Dl

tuðt; xÞk
2
L2ð½0; d1��RnÞð3:29Þ

aCg;m

Xm�m

l¼0

khDxi
mþk�m�lþn0
g Dl

tPðt;Dt;Dx; eÞuðt; xÞk2L2ð½0; d1��R nÞ

if mbm, gb g0, e A ð0; 1� and uðt; xÞ A CyðR;HyðRnÞÞ with uðt; xÞjt<0 ¼ 0.

Here H sðRnÞ denotes the Sobolev space of order s and HyðRnÞ ¼
T

s AR HsðRnÞ
and

k f ðt; xÞkL2ð½0; d1��RnÞ ¼
ð
½0; d1��R n

j f ðt; xÞj2 dtdx
 !1=2

:

Remark. (3.29) is valid, replacing Pðt;Dt;Dx; eÞ by Pðt;Dt;DxÞ.

Let f ðt; xÞ A Cyð½0;yÞ;HyðRnÞÞ satisfy ðD j
t f Þð0; xÞ ¼ 0 for j A Zþ. Then, it

follows from the unique existence theorem for ordinary di¤erential equations and

the proof of Lemma 3.7 with Pðt;Dt;Dx; eÞ replaced by Pðt;Dt;DxÞ that the

Cauchy problem

Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ in ½0; d1� � Rn;

D
j
t uðt; xÞjt¼0 ¼ ujðxÞ in Rn ð0a jam� 1Þ

�
ðCPÞ0
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has a unique solution uðt; xÞ A Cyð½0; d1�;HyðRnÞÞ. We note that (CP)0 has a

unique solution uðt; xÞ A Cyð½0; d1�;HyðRnÞÞ even if Pðt;Dt;DxÞ is replaced by

Pðt;Dt;Dx; eÞ.

Lemma 3.8. Let u A Cyðð�y; d1� � RnÞ satisfy uðt; xÞjt<0 ¼ 0, and let

ðt0; x0Þ A ½0; d1� � Rn. Then ðt0; x0Þ B supp u if

K�
ðt0;x0Þ \ supp Pðt;Dt;DxÞu ¼ q:ð3:30Þ

Proof. We extend uðt; xÞ to a function in CyðRnþ1Þ. Choose R > 0 so

that

K�
ðt0;x0Þ � fðt; xÞ A ½0; d1� � Rn; jxjaRg:

Assume that (3.30) is valid. Let YðtÞ be a function in Efk0gðRÞ satisfying

YðtÞ ¼ 1 if ta 3=2;

0 if tb 2:

�

Put

FRðt; xÞ ¼ Yðjxj � RÞPðt;Dt;DxÞuðt; xÞ þ ½P;Yðjxj � RÞ�uðt; xÞ;

where ½A;B� ¼ AB� BA. Then we have

Pðt;Dt;DxÞðYðjxj � RÞuðt; xÞÞ ¼ FRðt; xÞ:

Note that FRðt; xÞjt<0 ¼ 0. It is easy to see that there is a unique solution

vRðt; xÞ A Cyðð�y; d1�;HyðRnÞÞ satisfying

Pðt;Dt;DxÞvRðt; xÞ ¼ FRðt; xÞ in ð�y; d1� � Rn;

vRðt; xÞjt<0 ¼ 0:

�
ðCPÞR

Therefore, we have vRðt; xÞ ¼ Yðjxj � RÞuðt; xÞ for t A ð�y; d1�. Choose r1ðtÞ A
Efk0gðRÞ and rnðxÞ A Efk0gðRnÞ so that r1ðtÞb 0,

Ðy
�y r1ðtÞ dt ¼ 1, supp r1 �

ft A R; 0a ta 1g, rnðxÞb 0,
Ð
R n rnðxÞ dx ¼ 1, supp rn � fx A Rn; jxja 1g. Here

we say that f ðxÞ A EfkgðRnÞ if for any T > 0 there are h > 0 and CT > 0

satisfying

jqa
x f ðxÞjaCTh

jajðjaj!Þk for a A ðZþÞn and x A Rn with jxjaT :

For e > 0 we define

FR; eðt; xÞ ¼
ð
Rnþ1

r1e ðt� sÞrn
e ðx� yÞFRðs; yÞ dsdy;
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for ðt; xÞ A Rnþ1, where r1e ðtÞ ¼ e�1r1ðt=eÞ and rn
e ðxÞ ¼ e�nrnðx=eÞ. Then we have

FR; eðt; xÞ A Efk0gðRnþ1Þ and

supp FR; eðt; xÞ � fðt; xÞ A Rnþ1; tb 0 and jxjaRþ 2þ eg:

Moreover, we have

FR; eðt; xÞ ! FRðt; xÞ in CyðR;Cy
0 ðRnÞÞ as e # 0:

It follows from [3] that the Cauchy problem

Pðt;Dt;Dx; eÞvR; eðt; xÞ ¼ FR; eðt; xÞ in Rnþ1;

vR; eðt; xÞjt<0 ¼ 0

(
ðCPÞR; e

has a unique solution vR; eðt; xÞ in Efk0gðRnþ1Þ and that ðt0; x0Þ B supp vR; e if

supp FR; e \ K�
ðt0;x0Þ ¼ q. More precisely, we have

supp vR; e � fðt; xÞ A R� Rn; ðt; xÞ A Kþ
ðs;yÞ for some ðs; yÞ A supp FR; eg:

For e; e 0 A ð0; 1� with e 0 a e we put wR; e; e 0 ðt; xÞ ¼ vR; eðt; xÞ � vR; e 0 ðt; xÞ. Then we

have

Pðt;Dt;Dx; eÞwR; e; e 0 ðt; xÞ ¼ FR; eðt; xÞ � FR; e 0 ðt; xÞ

þ
Xm
j¼3

X
jajaj�3

ðaj;aðt; e 0Þ � aj;aðt; eÞÞDm�j
t Da

xvR; e 0 ðt; xÞ:

Applying Lemma 3.7 we can see that there are Cm > 0 ðmbmÞ satisfying

Xm
l¼0

khDxi
mþk�l
g0

Dl
twR; e; e 0 ðt; xÞk2L2ð½0; d1��R nÞð3:31Þ

aCm

8><
>:
Xm�m

l¼0

khDxi
mþk�m�lþn0
g0

Dl
t ðFR; eðt; xÞ � FR; e 0 ðt; xÞÞk2L2ð½0; d1��RnÞ

þ sup
t A ½0; d1�;3ajam
jbjaj�3;ham�m

jDh
t ðaj;bðt; e 0Þ � aj;bðt; eÞÞj2

�
Xm�m

l¼0

khDxi
mþk�m�l�3þ2n0
g0

Dl
tFR; e 0 ðt; xÞk2L2ð½0; d1��R nÞ

9>=
>;

for m A N with mbm and k A R. Indeed, we also apllied Lemma 3.7 to vR; e 0 ðt; xÞ
in order to obtain (3.31). (3.31) yields
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vR; eðt; xÞ ! vRðt; xÞ in Cyð½0; d1�;HyðRnÞÞ as e # 0;

supp vR \ ð�y; d1�

� fðt; xÞ A ½0; d1� � Rn; ðt; xÞ A Kþ
ðs;yÞ for some ðs; yÞ A supp FRg:

Since

supp½P;Yðjxj � RÞ�uðt; xÞ � ðt; xÞ A ½0;yÞ � Rn; Rþ 3

2
a jxjaRþ 2

� �
;

we have

K�
ðt0;x0Þ \ supp FR ¼ q;

which proves ðt0; x0Þ B supp vR and the lemma. r

For f ðt; xÞ A CyðRnþ1Þ with f ðt; xÞjt<0 ¼ 0 we consider

Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ in ð�y; d1� � Rn;

uðt; xÞjt<0 ¼ 0:

�
ðCPÞ00

Put fRðt; xÞ ¼ Yðjxj � RÞ f ðt; xÞ for R > 0, and let uRðt; xÞ be a solution to (CP) 00
with f ðt; xÞ replaced by fRðt; xÞ. Then we have

Pðt;Dt;DxÞðuR 0 ðt; xÞ � uRðt; xÞÞ ¼ ðYðjxj � R 0Þ �Yðjxj � RÞÞ f ðt; xÞ;

where R 0 bR > 0. Define

Md1 ¼ sup
t A ½0; d1�;1ajam

x AS n�1

jljðt; xÞj;

Kd1 ¼ fðt; xÞ A Rnþ1; tb jxj=Md1g:

It is easy to see that

Kþ
ðt0;x0Þ \ ½0; d1� � Rn � fðt0; x0Þg þ Kd1 :

Lemma 3.8 implies that

uRþd1Md1
ðt; xÞ ¼ uR 0þd1Md1

ðt; xÞ if ta d1 and jxjaRaR 0:

Therefore, we can define uðt; xÞ by

uðt; xÞ ¼ uRþd1Md1
ðt; xÞ for ta d1 and jxjaR;
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and uðt; xÞ ðA Cyðð�y; d1� � RnÞÞ satisfies (CP) 00. Repeating the same argument

as at the end of §2.3 of [6], we can construct solutions to the Cauchy problem

(CP) with ½0;yÞ � Rn replaced by ½0; d1� � Rn when f ðt; xÞ A Cyð½0;yÞ � RnÞ
and ujðxÞ A CyðRnÞ ð0a jam� 1Þ, and finally we can complete the proof of

Theorem 1.2.

References

[ 1 ] Atiyah, M. F., Resolution of singularities and division of distributions, Comm. Pure Appl.

Math. 23 (1970), 145–150.

[ 2 ] Kumano-go, H., Pseudo-Di¤erential Operators, MIT Press, Cambridge, 1982.

[ 3 ] Wakabayashi, S., Singularities of solutions of the Cauchy problem for hyperbolic systems in

Gevrey classes, Japanese J. Math. 11 (1985), 157–201.

[ 4 ] Wakabayashi, S., Remarks on hyperbolic polynomials, Tsukuba J. Math. 10 (1986), 17–28.

[ 5 ] Wakabayashi, S., On the Cauchy problem for a class of hyperbolic operators whose coe‰cients

depend only on the time variable, Tsukuba J. Math. 39 (2015), 121–163.

[ 6 ] Wakabayashi, S., On the Cauchy problem for hyperbolic operators with double characteristics

whose principal parts have time dependent coe‰cients, Funkcialaj Ekvacioj 63 (2020),

345–418.

[ 7 ] Wakabayashi, S., On the Cauchy problem for hyperbolic operators with triple charecteristics

whose coe‰cients depend only on the time variable II, Tsukuba J. Math. 49 (2025),

51–105.

Seiichiro Wakabayashi

(professor emeritus)

University of Tsukuba

E-mail: wkbysh@wb3.so-net.ne.jp

50 Seiichiro Wakabayashi


