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ON THE CAUCHY PROBLEM FOR HYPERBOLIC

OPERATORS WITH TRIPLE CHARACTERISTICS

WHOSE COEFFICIENTS DEPEND ONLY ON

THE TIME VARIABLE II

By

Seiichiro Wakabayashi

Abstract. In [11] we considered the Cauchy problem for hyper-

bolic operators with triple characteristics whose coe‰cients depend

only on the time variable. And we gave su‰cient conditions

for Cy well-posedness. In this paper we shall show that the suf-

ficient conditions given in [11] are also necessary under additional

assumptions.

1. Introduction

In [11] we investigated the Cauchy problem for hyperbolic operators with

triple characteristics whose coe‰cients depend only on the time variable. And we

gave su‰cient conditions for Cy well-posedness. This paper is the sequel to [11],

and we shall prove that the su‰cient conditions given in [11] are also necessary

if the space dimension is less than 3 or if the coe‰cients are semi-algebraic

functions of the time variable. Here we say that hðtÞ is semi-algebraic if hðtÞ is

defined in a semi-algebraic set U in R and its graph fðt; hðtÞÞ A R2; t A Ug is a

semi-algebraic set (see, e.g., [13]). For basic properties of semi-algebraic functions

we refer to [13] and [14].

Let m A N satisfy mb 2, and let Pðt; t; xÞ1 tm þ
Pm

j¼1

P
jajaj aj;aðtÞtm�j � xa

be a polynomial of t and x ¼ ðx1; . . . ; xnÞ of degree m whose coe‰cients aj;aðtÞ
belong to Cyð½0;y�Þ. We consider the Cauchy problem
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Pðt;Dt;DxÞuðt; xÞ ¼ f ðt; xÞ in ½0;yÞ � Rn;

D
j
t uðt; xÞjt¼0 ¼ ujðxÞ in Rn ð0a jam� 1Þ

�
ðCPÞ

in the framework of the space of Cy functions. For notations and terminologies

in this paper we refer to [11]. Put

pðt; t; xÞ ¼ tm þ
Xm
j¼1

X
jaj¼j

aj;aðtÞtm�jxa ð1Pmðt; t; xÞÞ;

Pkðt; t; xÞ ¼
Xm

j¼m�k

X
jaj¼kþj�m

aj;aðtÞtm�jxa ð0a kam� 1Þ:

We assume throughout this paper that the following conditions (A), (H) 0 and (T)

are satisfied:

(A) aj;aðtÞ ð1a jam; jaj ¼ j; j � 1; j � 2Þ are real analytic in ½0;yÞ.
(H) 0 pðt; t; xÞ is hyerbolic with respect to Q ¼ ð1; 0; . . . ; 0Þ A Rnþ1 for t A

½0;yÞ, i.e.,

pðt; t� i; xÞ0 0 for any ðt; t; xÞ A ½0;yÞ � R� Rn:

(T) The characteristic roots are at most triple, i.e.,

q3tpðt; t; xÞ0 0 if ðt; t; xÞ A ½0;yÞ � R� Sn�1 and

pðt; t; xÞ ¼ qtpðt; t; xÞ ¼ q2t pðt; t; xÞ ¼ 0;

where Sn�1 ¼ fx A Rn; jxj ¼ 1g. From (A) there are a complex neighborhood W

of ½0;yÞ (in C) and d0 > 0 such that ½�d0;yÞ � W, W \ fl A C; Re laTg is

compact for any T > 0, and aj;aðtÞ ð1a jam; jaj ¼ jÞ are regarded as analytic

functions defined in W. Write

pðt; t; xÞ ¼
Ym
j¼1

ðt� ljðt; xÞÞ:

Put

mj;kðt; xÞ ¼ ðljðt; xÞ � lkðt; xÞÞ2; M ¼ m

2

� �
;

and define fDlðt; xÞg1alaM by

tM þ
XM
l¼1

Dlðt; xÞtM�l ¼
Y

1aj<kam

ðtþ mj;kðt; xÞÞ:
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We note that DMðt; xÞ ð1Dðt; xÞÞ is the discriminant of pðt; t; xÞ ¼ 0 in t.

Putting D0ðt; xÞ1 1, for each x A Sn�1 there is rðxÞ A Zþ such that 0a rðxÞaM

and

DMðt; xÞ1 � � �1DM�rðxÞþ1ðt; xÞ1 0 in t;

DM�rðxÞðt; xÞ2 0 in t:

It is easy to see that

DM�rðxÞðt; xÞ ¼
Y

1aj<kam
mj; kðt;xÞ20 in t

mj;kðt; xÞ;

rðxÞ ¼afð j; kÞ; 1a j < kam and mj;kðt; xÞ1 0 in tg:

We define

R0ðxÞ ¼ fðRe lÞþ; l A W and DM�rðxÞðl; xÞ ¼ 0g for x A Sn�1;

where aþ ¼ maxf0; ag for a A R. By Lemma 2.1 in [11] we may assume that for

any T > 0 there is NT A Zþ satisfying

aðR0ðxÞ \ ½0;T �ÞaNT for x A Sn�1;

modifying W if necessary. To describe conditions on the lower order terms we

define the polynomials hjðt; t; xÞ ð1 hjðt; t; x; pÞÞ of ðt; xÞ by

jpðt; t� ig; xÞj2 ¼
Xm
j¼0

g2jhm�jðt; t; xÞ for ðt; t; xÞ A ½0;yÞ � R� Rn and g A R:

Since jpðt; t� ig; xÞj2 ¼
Qm

j¼1ððt� ljðt; xÞÞ2 þ g2Þ, we have

hkðt; t; xÞ ¼
X

1aj1<j2<���<jkam

Yk
l¼1

ðt� ljl ðt; xÞÞ
2 ð1a kamÞ:ð1:1Þ

The subprincipal symbol of Pðt;Dt;DxÞ is defined by

sub sðPÞðt; t; xÞ ¼ Pm�1ðt; t; xÞ þ
i

2
qtqtpðt; t; xÞ:

To describe the Levi condition on the ðm� 2Þ-th order terms of P we have to

define some quantities. Let z0 1 ðt0; t0; x0Þ A ½0;yÞ � R� Sn�1 satisfy ðqk
t pÞðz0Þ

¼ 0 ð0a ka 2Þ. Define a monic polynomial pðt; t; x; z0Þ of t of degree 3 sat-

isfying the following:
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pðt; t; x; z0Þ is defined for ðt; xÞ A Uðz0Þ and pðt; t; xÞ is divided

by pðt; t; x; z0Þ as polynomials of t; and; putting ~ppðt; t; x; z0Þ ¼
pðt; t; xÞ=pðt; t; x; z0Þ;
t A Iðz0Þ if ðt; xÞ A Uðz0Þ; jxj ¼ 1 and pðt; t; x; z0Þ ¼ 0;

~ppðt; t; x; z0Þ0 0 if ðt; xÞ A Uðz0Þ; jxj ¼ 1 and t A Iðz0Þ;

8>>>>><
>>>>>:

where Uðz0Þ is a neighborhood of ðt0; x0Þ and Iðz0Þ is a neighborhood of t0.

Then we write

pðt; t; x; z0Þ ¼ t3 þ a1ðt; x; z0Þt2 þ a2ðt; x; z0Þtþ a3ðt; x; z0Þ:

We define

Qðt; t; x; z0Þ ¼ Pm�2ðt; t; xÞ þ
1

6
q2t q

2
t pðt; t; x; z0Þ � ~ppðt; t; x; z0Þð1:2Þ

þ 1

4
qtq

2
t pðt; t; x; z0Þ � qt ~ppðt; t; x; z0Þ

þ i

12
q2t sub sðPÞðt; t; xÞ � qtq2t pðt; t; x; z0Þ

þ 1

24
ðqtq2t pðt; t; x; z0ÞÞ

2 � qt ~ppðt; t; x; z0Þ

for ðt; xÞ A Uðz0Þ and t A R:

We note that

Qðt; t; x; z0Þ ¼ P1ðt; t; xÞ þ
1

6
q2t q

2
t pðt; t; xÞ þ

i

12
q2tP2ðt; t; xÞ � qtq2t pðt; t; xÞð1:3Þ

when m ¼ 3. In [9] we defined the sub-sub-principal symbol sub2 sðPÞðt; t; xÞ of P
by the right-hand side of (1.3).

Theorem 1.1. Assume that na 2, and that the conditions (A), (H) 0 and

(T) are satisfied. If the Cauchy problem (CP) is Cy well-posed and has finite

propagation property, then for any compact interval I � ð0;yÞ the following Levi

conditions (L-1)I and (L-2)I are satisfied:

(L-1)I There is C > 0 such that

min min
s AR0ðxÞ

jt� sj; 1
� �

jsub sðPÞðt; t; xÞj

aChm�1ðt; t; xÞ1=2 for ðt; t; xÞ A I � R� Sn�1:
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(L-2)I For any z0 ¼ ðt0; t0; x0Þ A I � R� Sn�1 with ðqk
t pÞðz0Þ ¼ 0 ð0a ka 2Þ,

there are d̂d > 0, a neighborhood U of x0 and C > 0 such that

min min
s AR0ðxÞ

jt� sj2; 1
� �

jQðt;�a1ðt; x; z0Þ=3; x; z0Þj

aChm�2ðt;�a1ðt; x; z0Þ=3; xÞ1=2

for ðt; xÞ A ðI \ ½t0 � d̂d; t0 þ d̂d�Þ � ðSn�1 \UÞ:

Theorem 1.2. Assume that the conditions (H) 0, (T) and the following con-

dition (A) 0 are satisfied:

(A) 0 aj;aðtÞ ð1a jam; jaj ¼ j; j � 1; j � 2Þ are semi-algebraic in ½0;yÞ.

Then the conditions (L-1)½0;T � and (L-2)½0;T � for any T > 0 are satisfied if the

Cauchy problem (CP) is Cy well-posed and has finite propagation property.

The remainder of this paper is organized as follows. In §2 we shall give

preliminary lemmas. We shall prove Theorems 1.1 and 1.2, applying the argu-

ments as in [4] (see, also, [12]). In §3 we shall construct asymptotic solutions for

triple characteristic factors. For double characteristic factors we shall construct

asymptotic solutions in §4. In §5 we shall prove Theorem 1.1. Theorem 1.2 will be

proved in §6.

2. Preliminaries

From the assumption (T) there are d1 > 0, N0 A N, mð j; kÞ A N, open cones

Gj in Rnnf0g, rð jÞ A N, compact intervals Jj;k and p j;kðt; t; xÞ A S
mð j;kÞ
1;0 ð½0; d1� �

ðGjnf0gÞÞ ð1a jaN0; 1a ka rð jÞÞ such that mð j; kÞa 3, the p j;kðt; t; xÞ are

monic polynomials of t and positively homogeneous of degree mð j; kÞ in ðt; xÞ A
R� ðGjnf0gÞ such that

SN0

j¼1 Gj � Sn�1, Jj;k \ Jj; l ¼ q for 1a jaN0 and 1a

k < la rð jÞ,

pðt; t; xÞ ¼
Yrð jÞ
k¼1

p j;kðt; t; xÞ for ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ;ð2:1Þ

t A Jj;k if 1a jaN0, 1a ka rð jÞ, ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ, t A C and

p j;kðt; t; xÞ ¼ 0, and for each ð j; kÞ with 1a jaN0 and 1a ka rð jÞ there is

ðt̂t; x̂xÞ A R� ðGj \ Sn�1Þ satisfying

ðqm
t p

j;kÞð0; t̂t; x̂xÞ ¼ 0 ð0a mamð j; kÞ � 1Þ:
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We write

pðt; t; xÞ ¼
Ym
l¼1

ðt� llðt; xÞÞ;

p j;kðt; t; xÞ ¼
Ymð j;kÞ

l¼1

ðt� l
j;k
l ðt; xÞÞ:

Fix j so that 1a jaN0. For ðt; xÞ A ½0; d1� � ðGjnf0gÞ we write

p j;kðt; t; xÞ ¼ t3 þ a
j;k
1 ðt; xÞt2 þ a

j;k
2 ðt; xÞtþ a

j;k
3 ðt; xÞ;

p̂p j;kðt; t; xÞ ¼ p j;kðt; t� a
j;k
1 ðt; xÞ=3; xÞ ¼ t3 � âa

j;k
2 ðt; xÞtþ âa

j;k
3 ðt; xÞ

if 1a ka rð jÞ and mð j; kÞ ¼ 3;

p j;kðt; t; xÞ ¼ t2 þ a
j;k
1 ðt; xÞtþ a

j;k
2 ðt; xÞ;

p̂p j;kðt; t; xÞ ¼ p j;kðt; t� a
j;k
1 ðt; xÞ=2; xÞ ¼ t2 � âa

j;k
2 ðt; xÞ

if 1a ka rð jÞ and mð j; kÞ ¼ 2:

Then we have

âa
j;k
2 ðt; xÞ ¼ a

j;k
1 ðt; xÞ2=3� a

j;k
2 ðt; xÞ ðb 0Þ;

âa
j;k
3 ðt; xÞ ¼ 2a j;k

1 ðt; xÞ3=27� a
j;k
1 ðt; xÞa j;k

2 ðt; xÞ=3þ a
j;k
3 ðt; xÞ

if 1a ka rð jÞ and mð j; kÞ ¼ 3;

âa
j;k
2 ðt; xÞ ¼ a

j;k
1 ðt; xÞ2=4� a

j;k
2 ðt; xÞ

if 1a ka rð jÞ and mð j; kÞ ¼ 2:

Until the end of the proof of Lemma 2.3 we omit the subscript j and the

superscript j of Gj, P
j;kð�Þ, p j;kð�Þ; . . . , and ‘‘ j ’’ of rð jÞ, mð j; kÞ; . . . and so forth.

Namely, we write Gj, P j;kð�Þ, p j;kð�Þ, rð jÞ, mð j; kÞ; . . . as G, Pkð�Þ, pkð�Þ, r,

mðkÞ; . . . , respectively. By (2.1) and the factorization theorem we have

Pðt; t; xÞ ¼ P1ðt; t; xÞ � P2ðt; t; xÞ � � � � � Prðt; t; xÞ þ Rðt; t; xÞð2:2Þ

for ðt; xÞ A ½0; d1� � G with jxjb 1, where

Pkðt; t; xÞ ¼ pkðt; t; xÞ þ qk
0 ðt; t; xÞ þ qk

1 ðt; t; xÞ þ rkðt; t; xÞ;

qk
l ðt; t; xÞ A S

mðkÞ�1;�l
1;0 ð½0; d1� � ðGnf0gÞÞ ðl ¼ 0; 1Þ are positively homogeneous of

degree ðmðkÞ � 1� lÞ in ðt; xÞ for jxjb 1 and rkðt; t; xÞ A S
mðkÞ�1;�2
1;0 ð½0; d1� �
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ðGnf0gÞÞ ð1a ka rÞ and Rðt; t; xÞ A Sm�1;�y
1;0 ð½0; d1� � ðGnf0gÞÞ (see, e.g., [5]).

Here we denote by aðt; t; xÞ � bðt; t; xÞ the symbol of aðDt;DxÞbðt;Dt;DxÞ. For

the definition of Sk;k 0

1;0 ðI � GÞ we refer to §2 of [11]. Moreover, the rkðt; t; xÞ
are classical symbols, i.e., there are symbols rkl ðt; t; xÞ A S

mðkÞ�1;�2�l
1;0 ð½0; d1� �

ðGnf0gÞÞ ðl A ZþÞ such that the rkl ðt; t; xÞ are positively homogeneous of degree

ðmðkÞ � 3� lÞ in ðt; xÞ for jxjb 1 and

rkðt; t; xÞ �
XN�1

l¼0

rkl ðt; t; xÞ A S
mðkÞ�1;�2�N
1;0 ð½0; d1� � ðGnf0gÞÞ ðN ¼ 1; 2; . . .Þ:ð2:3Þ

We write

rkðt; t; xÞ@
Xy
l¼0

rkl ðt; t; xÞ in S
mðkÞ�1;�2
1;0 ð½0; d1� � ðGnf0gÞÞ

if (2.3) is valid. We also write

Sm; n
cl ð½0; d1� � ðGnf0gÞÞ ¼ faðt; t; xÞ A Sm; n

1;0 ð½0; d1� � ðGnf0gÞÞ;

aðt; t; xÞ is a classical symbolg:

Define

pkðt; t; xÞ ¼ ð�1ÞmðkÞ
pkðt;�t;�xÞ;

qk
l ðt; t; xÞ ¼ ð�1ÞmðkÞ�1�l

qk
l ðt;�t;�xÞ ðl ¼ 0; 1Þ

for ðt; t; xÞ A ½0; d1� � R� ðð�GÞnf0gÞ:

Moreover, we define rkðt; t; xÞ A S
mðkÞ�1;�2

cl ð½0; d1� � ðð�GÞnf0gÞÞ so that

rkðt; t; xÞ@
Xy
l¼0

ð�1ÞmðkÞ�3�l
rkl ðt;�t;�xÞð2:4Þ

in S
mðkÞ�1;�2
1;0 ð½0; d1� � ðð�GÞnf0gÞÞ:

In fact, we can easily construct a symbol rkðt; t; xÞ for ðt; t; xÞ A ½0; d1� � R�
ðð�GÞnf0gÞ satisfying (2.4). Note that rkðt; t; xÞ is uniquely determined modulo

S
mðkÞ�1;�y
1;0 ð½0; d1� � ðð�GÞnf0gÞÞ. Put

Pkðt; t; xÞ ¼ pkðt; t; xÞ þ qk
0 ðt; t; xÞ þ qk

1 ðt; t; xÞ þ rkðt; t; xÞ

for ðt; t; xÞ A ½0; d1� � R� ððG [ ð�GÞÞnf0gÞ. Then we have the following
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Lemma 2.1. We have

Pðt; t; xÞ1P1ðt; t; xÞ � � � � � Prðt; t; xÞ

ðmod Sm�1;�y
1;0 ð½0; d1� � ððG [ ð�GÞÞnf0gÞÞÞ:

Proof. Write

Pkðt; t; xÞ@
Xy
l¼0

Pk
l ðt; t; xÞ in S

mðkÞ
1;0 ð½0; d1� � ððG [ ð�GÞÞnf0gÞÞ ð1a ka rÞ;

where the Pk
l ðt; t; xÞ are positively homogeneous of degree ðmðkÞ � lÞ in ðt; xÞ.

We also write

P1ðt; t; xÞ � P2ðt; t; xÞ � � � � � Pkðt; t; xÞ@
Xy
l¼0

I 1;2;...;kl ðt; t; xÞ

in S
mð1Þþ���þmðkÞ
1;0 ð½0; d1� � ððG [ ð�GÞÞnf0gÞÞ ð1a ka rÞ;

where the I
1;2;...;k
l ðt; t; xÞ are positively homogeneous of degree ðmð1Þ þ � � � þ

mðkÞ � lÞ. For example, the I
1;2
l ðt; t; xÞ are given by

I 1;2l ðt; t; xÞ ¼
X

h;m; n AZþ
hþmþn¼l

1

h!
qh
tP

1
mðt; t; xÞ �Dh

t P
2
n ðt; t; xÞ:

Then it is easy to see that

I 1;2l ðt; t; xÞ ¼
X

h;m; n AZþ
hþmþn¼l

ð�1Þmð1Þþmð2Þ�l 1

h!
ðqh

tP
1
mÞðt;�t;�xÞðDh

t P
2
n Þðt;�t;�xÞ

¼ ð�1Þmð1Þþmð2Þ�l
I 1;2l ðt;�t;�xÞ

for ðt; t; xÞ A ½0; d1� � R� ðð�GÞnf0gÞ:

Moreover, we can prove by induction on k that

I 1;...;kl ðt; t; xÞ ¼ ð�1Þmð1Þþ���mðkÞ�l
I 1;...;kl ðt;�t;�xÞð2:5Þ

for 2a ka r and ðt; t; xÞ A ½0; d1� � R� ððGÞnf0gÞ:

Since Pðt; t; xÞ is a polynomial of ðt; xÞ and

Pðt; t; xÞ � P1ðt; t; xÞ � � � � � Prðt; t; xÞ A Sm�1;�y
1;0 ð½0; d1� � ð�GÞnf0gÞ;

(2.5) proves the lemma. r
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We write

qk
0 ðt; t; xÞ ¼ bk

0 ðt; xÞt2 þ bk
1 ðt; xÞtþ bk

2 ðt; xÞ;

qk
0 ðt; t� ak

1 ðt; xÞ=3; xÞ ¼ b̂bk
0 ðt; xÞt2 þ b̂bk

1 ðt; xÞtþ b̂bk
2 ðt; xÞ;

if 1a ka r and mðkÞ ¼ 3. Then it is obvious that

b̂bk
0 ðt; xÞ ¼ bk

0 ðt; xÞ

b̂bk
1 ðt; xÞ ¼ bk

1 ðt; xÞ �
2

3
ak
1 ðt; xÞbk

0 ðt; xÞ;

b̂bk
2 ðt; xÞ ¼ bk

2 ðt; xÞ þ
1

9
ak
1 ðt; xÞ

2
bk
0 ðt; xÞ �

1

3
ak
1 ðt; xÞbk

1 ðt; xÞ:

Let RðxÞ be a set-valued function, whose values are discrete subsets of C, defined

for x A Sn�1 satisfying the following:

For any T > 0 there is NT A Zþ such that

afl A RðxÞ; Re l A ½0;T �gaNT for x A Sn�1:

�

Lemma 2.2. Assume that 1a ka r and mðkÞ ¼ 3. Putting bðt; t; xÞ ¼
sub sðPkÞðt; t� ak

1 ðt; xÞ=3; xÞ we have the following:

(i) There is C1 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jbðt; t; xÞjaC1h2ðt; t; x; p̂pkÞ1=2ð2:6Þ

for ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ

if and only if there is C2 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jbðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞjð2:7Þ

aC2h2ðt; ðâak
3 ðt; xÞ=2Þ

1=3; x; p̂pkÞ1=2;

min min
s ARðxÞ

jt� sj; 1
� �

jðqtbÞðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞjð2:8Þ

aC2h1ðt; 0; x; p̂pkÞ1=2 ð¼
ffiffiffi
2

p
C2âa

k
2 ðt; xÞ

1=2Þ

for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ:
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(ii) (2.6) is valid if and only if there is C3 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jbðt;Akðt; xÞ; xÞjð2:9Þ

aC3h2ðt;Akðt; xÞ; x; p̂pkÞ1=2;

min min
s ARðxÞ

jt� sj; 1
� �

jðqtbÞðt;Akðt; xÞ; xÞjð2:10Þ

aC3h1ðt; 0; x; p̂pkÞ1=2 ð¼
ffiffiffi
2

p
C3âa

k
2 ðt; xÞ

1=2Þ

for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ;

where

nkðt; xÞ ¼ 1 if âak
3 ðt; xÞb 0;

�1 if âak
3 ðt; xÞ < 0;

�

Akðt; xÞ ¼ nkðt; xÞðâak
2 ðt; xÞ=3Þ

1=2:ð2:11Þ

Remark. Assume that mðkÞ ¼ 3. Then we have

h2ðt; t; x; p̂pkÞ ¼ h2ðt; t� ak
1 ðt; xÞ=3; x; pkÞð2:12Þ

¼ 3t4 þ âak
2 ðt; xÞ

2 � 6tâa3ðt; xÞ;

h1ðt; t; x; p̂pkÞ ¼ h1ðt; t� ak
1 ðt; xÞ=3; x; pkÞ ¼ 3t2 þ 2âak

2 ðt; xÞ:

Hyperbolicity implies that

ðâak
3 ðt; xÞ=2Þ

2
a ðâak

2 ðt; xÞ=3Þ
3;ð2:13Þ

and the discriminant D̂Dkðt; xÞ of p̂pkðt; t; xÞ ¼ 0 in t is given by

D̂Dkðt; xÞ ð¼ Dkðt; xÞÞ ¼ 4âak
2 ðt; xÞ

3 � 27âak
3 ðt; xÞ

2;ð2:14Þ

where Dkðt; xÞ denotes the discriminant of pkðt; t; xÞ ¼ 0 in t.

Proof. Write

p̂pkðt; t; xÞ ¼
Y3
l¼1

ðt� l̂lk
l ðt; xÞÞ; i:e:;

l̂lk
l ðt; xÞ ¼ lk

l ðt; xÞ þ ak
1 ðt; xÞ=3 ð1a la 3Þ:
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Assume that (2.6) is valid. Then (2.7) is valid with C2 bC1. Fix ðt; xÞ A ½0; d1� �
ðG \ Sn�1Þ. We first consider the case where l̂lk

l ðt; xÞ0 l̂lk
m ðt; xÞ for 1a l < ma 3.

Then we can write

bðt; t; xÞ ¼
X3
l¼1

blðt; xÞ p̂pk
l ðt; t; xÞ;ð2:15Þ

where

p̂pk
l ðt; t; xÞ ¼

Y
1amamðkÞ;m0l

ðt� l̂lk
m ðt; xÞÞ;

blðt; xÞ ¼ bðt; l̂lk
l ðt; xÞ; xÞ=p̂pk

l ðt; l̂l
k
l ðt; xÞ; xÞ ð1a la 3Þ:

(2.6) gives

min min
s ARðxÞ

jt� sj; 1
� �

jblðt; xÞjaC1:

By (2.15) we have

qtbðt; t; xÞ ¼
X3
l¼1

blðt; xÞð2tþ l̂lk
l ðt; xÞÞ;

since
P3

m¼1 l̂l
k
m ðt; xÞ ¼ 0. Therefore, we have

min min
s ARðxÞ

jt� sj; 1
� �

jqtbðt; t; xÞjaC1 6jtj þ
ffiffiffi
3

p X3
l¼1

l̂lk
l ðt; xÞ

2

 !1=28<
:

9=
;ð2:16Þ

¼ C1f6jtj þ
ffiffiffi
6

p
âak
2 ðt; xÞ

1=2g;

since

X3
l¼1

l̂lk
l ðt; xÞ

2 ¼ 2âak
2 ðt; xÞ:ð2:17Þ

So (2.13) and (2.16) yield (2.8) with C2 b ð2
ffiffiffi
3

p
þ

ffiffiffi
6

p
ÞC1. Next consider the case

where l̂lk
1 ðt; xÞ0 l̂lk

2 ðt; xÞ ¼ l̂lk
3 ðt; xÞ, for instance. Then we have h2ðt; l̂lk

2 ðt; xÞ; x; p̂pkÞ
¼ 0 and, therefore, we can write

bðt; t; xÞ ¼ ðt� l̂lk
2 ðt; xÞÞb̂bðt; t; xÞ;ð2:18Þ
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where b̂bðt; t; xÞ is a linear expression of t. (2.6) yields

min min
s ARðxÞ

jt� sj; 1
� �

jb̂bðt; t; xÞjaC1f
ffiffiffi
2

p
jt� l̂lk

1 ðt; xÞj þ jt� l̂lk
2 ðt; xÞjg:ð2:19Þ

So we have

b̂bðt; t; xÞ ¼ b̂b1ðt; xÞðt� l̂lk
1 ðt; xÞÞ þ b̂b2ðt; xÞðt� l̂lk

2 ðt; xÞÞ;

min min
s ARðxÞ

jt� sj; 1
� �

jb̂blðt; xÞja
ffiffiffi
2

p
C1 ðl ¼ 1; 2Þ;ð2:20Þ

where

b̂blðt; xÞ ¼ ð�1Þ l b̂bðt; l̂lk
3�lðt; xÞ; xÞ=ðl̂l

k
1 ðt; xÞ � l̂lk

2 ðt; xÞÞ ðl ¼ 1; 2Þ:

Since

qtbðt; t; xÞ ¼ b̂b1ðt; xÞðt� l̂lk
1 ðt; xÞÞ þ ðb̂b1ðt; xÞ þ 2b̂b2ðt; xÞÞðt� l̂lk

2 ðt; xÞÞ;ð2:21Þ

(2.13) and (2.17)–(2.21) give

min min
s ARðxÞ

jt� sj; 1
� �

jðqtbÞðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞj

a 4
ffiffiffi
2

p
C1fðâak

2 ðt; xÞ=3Þ
1=2 þ 2âak

2 ðt; xÞ
1=2ga 12

ffiffiffi
2

p
C1âa

k
2 ðt; xÞ

1=2;

which proves that (2.8) is valid. Finally consider the case where l̂lk
1 ðt; xÞ ¼

l̂lk
2 ðt; xÞ ¼ l̂lk

3 ðt; xÞ ð¼ 0Þ. Then we have âak
2 ðt; xÞ ¼ âak

3 ðt; xÞ ¼ 0,

h2ðt; t; x; p̂pkÞ ¼ 3t4 and h1ðt; t; x; p̂pkÞ ¼ 3t2:

Therefore, we can write

bðt; t; xÞ ¼ t2b̂bðt; xÞ;ð2:22Þ

where

min min
s ARðxÞ

jt� sj; 1
� �

jb̂bðt; xÞja
ffiffiffi
3

p
C1:ð2:23Þ

This yields

min min
s ARðxÞ

jt� sj; 1
� �

jðqtbÞðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞj ¼ 0a h1ðt; 0; x; p̂pkÞ1=2 ð¼ 0Þ:
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Next we assume that (2.7) and (2.8) are valid. Write

bðt; t; xÞ ¼ bðt; ðâak
3 =2Þ

1=3; xÞ þ ðqtbÞðt; ðâak
3 =2Þ

1=3; xÞðt� ðâak
3 =2Þ

1=3Þ

þ 1

2
ðq2tbÞðt; 0; xÞðt� ðâak

3 =2Þ
1=3Þ2;

h2ðt; t; x; p̂pkÞ ¼ 9ððâak
2 =3Þ

2 � ðâak
3 =2Þ

4=3Þ þ 6ðâak
3 =2Þ

2=3ðt� ðâak
3 =2Þ

1=3Þ2ð2:24Þ

þ 3ðt2 � ðâak
3 =2Þ

2=3Þ2;

where âak
l ¼ âak

l ðt; xÞ ðl ¼ 2; 3Þ. Since

h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞ ¼ 9ððâak
2 =3Þ

2 � ðâak
3 =2Þ

4=3Þ;ð2:25Þ

we have

h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞa h2ðt; t; x; p̂pkÞ:ð2:26Þ

Moreover, we have

ðt� ðâak
3 =2Þ

1=3Þ2 a jt2 � ðâak
3 =2Þ

2=3j þ 2jðâak
3 =2Þ

1=3ðt� ðâak
3 =2Þ

1=3Þjð2:27Þ

a h2ðt; t; x; p̂pkÞ1=2=
ffiffiffi
3

p
þ 2h2ðt; t; x; p̂pkÞ1=2=

ffiffiffi
6

p

a 2h2ðt; t; x; p̂pkÞ1=2;

fðâak
2 Þ

1=2ðt� ðâak
3 =2Þ

1=3Þg4 ¼ h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞðt� ðâak
3 =2Þ

1=3Þ4ð2:28Þ

þ f3ðâak
3 =2Þ

2=3ðt� ðâak
3 =2Þ

1=3Þ2g2

a 5h2ðt; t; x; p̂pkÞ2:

We may assume that jðq2tbÞðt; 0; xÞjaC2. Therefore, (2.6) is valid with C1 b 6C2,

which proves the assertion (i). (2.25) gives

h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞ ¼ 9fðâak
2 =3Þ

2 � ðâak
3 =2Þ

4=3g

¼ 9fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3gfðâak
2 =3Þ

1=2 þ ðjâak
3 j=2Þ

1=3g

� fðâak
2 =3Þ þ ðjâak

3 j=2Þ
2=3g:

So we have

9ðâak
2 =3Þ

3=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3ga h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞ:ð2:29Þ
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On the other hand, we have

h2ðt;Akðt; xÞ; x; p̂pkÞ ¼ 12ðâak
2 =3Þ

2 � 12ðâak
2 =3Þ

1=2ðjâak
3 j=2Þ

¼ 12ðâak
2 =3Þ

1=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3g

� fðâak
2 =3Þ þ ðâak

2 =3Þ
1=2ðjâak

3 j=2Þ
1=3 þ ðjâak

3 j=2Þ
2=3g:

By (2.13) we have

12ðâak
2 =3Þ

3=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3gð2:30Þ

a h2ðt;Akðt; xÞ; x; p̂pkÞa 36ðâak
2 =3Þ

3=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3g;

which, with (2.26) and (2.29), yields

h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞa h2ðt;Akðt; xÞ; x; p̂pkÞa 4h2ðt; ðâak
3 =2Þ

1=3; x; p̂pkÞ:ð2:31Þ

Now we can prove the assertion (ii). Note that

qtq
2
t p

kðt; t; xÞ ¼ 2qta
k
1 ðt; xÞ;

qtbðt; t; xÞ ¼ 2bk
0 ðt; xÞtþ b̂bk

1 ðt; xÞ þ iqta
k
1 ðt; xÞ:ð2:32Þ

So we have

jðqtbÞðt;Akðt; xÞ; xÞ � ðqtbÞðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞjð2:33Þ

¼ 2jb0ðt; xÞjfðâak
2 ðt; xÞ=3Þ

1=2 � ðjâak
3 ðt; xÞj=2Þ

1=3g

a 2jb0ðt; xÞjðâak
2 ðt; xÞ=3Þ

1=2

since jAkðt; xÞ � ðâak
3 ðt; xÞ=2Þ

1=3j ¼ ðâak
2 ðt; xÞ=3Þ

1=2 � ðjâak
3 ðt; xÞj=2Þ

1=3. This implies

that (2.8) is valid if and only if (2.10) is valid. We have also

jbðt;Akðt; xÞ; xÞ � bðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞjð2:34Þ

a fðâak
2 ðt; xÞ=3Þ

1=2 � ðjâak
3 ðt; xÞj=2Þ

1=3gjðqtbÞðt; ðâak
3 ðt; xÞ=2Þ

1=3; xÞj

þ fðâak
2 ðt; xÞ=3Þ

1=2 � ðjâak
3 ðt; xÞj=2Þ

1=3g2jðq2tbÞðt; 0; xÞj=2:

It follows from (2.25) and (2.26) that

3ðâak
2 ðt; xÞ=3Þ

1=2fðâak
2 ðt; xÞ=3Þ

1=2 � ðjâak
3 ðt; xÞj=2Þ

1=3gð2:35Þ

a h2ðt; ðâak
3 ðt; xÞ=2Þ

1=3; x; p̂pkÞ1=2 a h2ðt;Akðt; xÞ; x; p̂pkÞ1=2;
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since ða� bÞ1=2 b a1=2 � b1=2 if ab bb 0. This, together with (2.8) and (2.34),

proves that (2.7) and (2.8) hold if and only if (2.9) and (2.10) hold. r

Lemma 2.3. Assume that 1a ka r, and mðkÞ ¼ 2. Then there is C1 > 0

satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPkÞðt; t; xÞjaC1h1ðt; t; x; pkÞ1=2ð2:36Þ

for ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ

if and only if there is C2 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPkÞðt;�ak
1 ðt; xÞ=2; xÞjð2:37Þ

aC2h1ðt;�ak
1 ðt; xÞ=2; x; pkÞ1=2 for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ:

Remark. Assume that mðkÞ ¼ 2. Then we have

h1ðt; t; x; pkÞ ¼ 2ðtþ ak
1 ðt; xÞ=2Þ

2 þ 2âak
2 ðt; xÞ:ð2:38Þ

Proof. We have

sub sðPkÞðt; t; xÞ ¼ sub sðPkÞðt;�ak
1 ðt; xÞ=2; xÞ

þ ðqt sub sðPkÞÞðt; 0; xÞðtþ ak
1 ðt; xÞ=2Þ:

Therefore, this, together with (2.38), proves the lemma. r

Define

bkðt; xÞ ¼ sub sðPkÞðt;Akðt; xÞ � ak
1 ðt; xÞ=3; xÞð2:39Þ

for 1a ka r with mðkÞ ¼ 3. We note that

qta
k
2 ðt; xÞ ¼ 2ak

1 ðt; xÞqtak
1 ðt; xÞ=3� qtâa

k
2 ðt; xÞ;

sub sðPkÞðt; t� ak
1 ðt; xÞ=3; xÞ

¼ qk
0 ðt; t� ak

1 ðt; xÞ=3; xÞ þ iqta
k
1 ðt; xÞ � t�

i

2
qtâa

k
2 ðt; xÞ

if 1a ka r and mðkÞ ¼ 3.
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Lemma 2.4. Let k A N satisfy 1a ka r and mðkÞ ¼ 3. (i) Assume that

âak
2 ðt; xÞ2 0 in ðt; xÞ. Then there is C1 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jsub sðPkÞðt; t� ak
1 ðt; xÞ=3; xÞjð2:40Þ

aC1h2ðt; t; x; p̂pkÞ1=2 for ðt; t; xÞ A ½0; d1� � R� ðG \ Sn�1Þ

if and only if there is C2 > 0 satisfying

min min
s ARðxÞ

jt� sj; 1
� �

jbkðt; xÞjâak
2 ðt; xÞð2:41Þ

aC2ðD̂Dkðt; xÞâak
2 ðt; xÞÞ

1=2;

min min
s ARðxÞ

jt� sj; 1
� �

jb̂bk
1 ðt; xÞ þ iqta

k
1 ðt; xÞjð2:42Þ

aC2âa
k
2 ðt; xÞ

1=2
for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ:

(ii) Assume that âak
2 ðt; xÞ1 0. Then (2.40) is valid if and only if

b̂bk
1 ðt; xÞ þ iqta

k
1 ðt; xÞ ¼ b̂bk

2 ðt; xÞ ¼ 0 for ðt; xÞ A ½0; d1� � ðG \ Sn�1Þ:

Proof. Assume that âa2ðt; xÞ2 0 in ðt; xÞ. By virtue of Lemma 2.2 it is

enough to prove that the conditions (2.9) and (2.10) are equivalent to the con-

ditions (2.41) and (2.42). Here we may modify the constants appropriately. Since

jAkðt; xÞj ¼ ðâak
2 ðt; xÞ=3Þ

1=2, by (2.32) we see that (2.10) is valid if and only if

(2.42) is valid. (2.13) and (2.14) yield

108ðâak
2 =3Þ

2fðâak
2 =3Þ � ðjâak

3 j=2Þ
2=3gð2:43Þ

a D̂Dkðt; xÞ ¼ 108fðâak
2 =3Þ

3 � ðâak
3 =2Þ

2g ¼ 108fðâak
2 =3Þ � ðjâak

3 j=2Þ
2=3g

� fðâak
2 =3Þ

2 þ ðâak
2 =3Þðjâak

3 j=2Þ
2=3 þ ðjâak

3 j=2Þ
4=3g

a 324ðâak
2 =3Þ

2fðâak
2 =3Þ � ðjâak

3 j=2Þ
2=3g;

where âak
l ¼ âak

l ðt; xÞ ðl ¼ 2; 3Þ. This, together with (2.30), yields

3ðâak
2 =3Þh2ðt;Akðt; xÞ; x; p̂pkÞð2:44Þ

a D̂Dkðt; xÞa 54ðâak
2 =3Þh2ðt;Akðt; xÞ; x; p̂pkÞ;
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since

ðâak
2 =3Þ

1=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3ga ðâak
2 =3Þ � ðjâak

3 j=2Þ
2=3

a 2ðâak
2 =3Þ

1=2fðâak
2 =3Þ

1=2 � ðjâak
3 j=2Þ

1=3g:

Therefore, if (2.9) is valid, then (2.41) is valid with C2 ¼
ffiffiffi
3

p
C3. Applying the

Weierstrass preparation theorem to âak
2 ðt; xÞ, we can prove that (2.9) is valid with

C3 ¼ 6C2 if (2.41) is valid, which proves the assertion (i). Next assume that

âak
2 ðt; xÞ1 0 in ðt; xÞ. Then, by (2.12) and (2.13) we have

âa3ðt; xÞ1 D̂Dkðt; xÞ1 0 and h2ðt; t; x; p̂pkÞ1 3t4;

which proves the assertion (ii). r

For ðt0; x0Þ A ð0; d1� � Rn and e > 0 we put

Weðt0; x0Þ ¼ fðt; xÞ A R� Rn; t0 � t > ejx� x0j2g:

Lemma 2.5. Assume that the Cauchy problem (CP) is Cy well-posed and has

finite propagation property. Then there is e0 > 0 such that for ðt0; x0Þ A ½0;yÞ � Rn

and p A Zþ there are C > 0 and q A Zþ satisfying

jujp;We0
ðt0;x0Þ aCjPujq;We0

ðt0;x0Þ

for any u A CyðRnþ1Þ with uðt; xÞjt<0 ¼ 0. Here j f jp;K is defined by

j f jp;K ¼ sup
ðt;xÞ AK ; jþjajap

jD j
t D

a
x f ðt; xÞj:

Proof. We can choose e0 > 0 so that

ðfðt1; x1Þg � G0Þ \ ftb 0g � We0ðt0; x0Þ

if ðt0; x0Þ A ð0; d1� � Rn, ðt1; x1Þ A Weðt0; x0Þ and t1 b 0. Here G0 is a proper

convex closed cone in Rnþ1 such that G0 � ft > 0g [ f0g and G0 satisfies the

following:

uðt; xÞ ¼ 0 in G0ðt0; x0Þ ð1 fðt0; x0Þg � G0Þ

if ðt0; x0Þ A ½0; d1� � Rn; u A CyðRnþ1Þ;

supp u � ftb 0g and Pðt;Dt;DxÞuðt; xÞ ¼ 0 in G0ðt0; x0Þ:
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Define

X ¼ f f A CyðRnþ1Þ; supp f � ftb 0gg:

X is a closed subspace of the Fréchet space CyðRnþ1Þ. The operator X C

f ðt; xÞ 7! uðt; xÞ A X is a closed operator, where uðt; xÞ is a unique solution in X

satisfying Puðt; xÞ ¼ f ðt; xÞ. So Banach’s closed graph theorem proves that for

any compact subset K of ½0;yÞ � Rn and p A Zþ, there are a compact subset

K 0 of ½0;yÞ � Rn, Cp;K > 0 and q A Zþ satisfying

jujp;K aCp;K jPujq;K 0 for u A X :ð2:45Þ

It follows from [2] that for any u A X and ðt0; x0Þ A ½0; d1� � Rn there are f A X

and C 0 > 0 such that f ¼ Pu in We0ðt0; x0Þ and

j f jq;R nþ1 aC 0jPujq;We0
ðt0;x0Þð2:46Þ

(see, also, [6]). By the assumptions there is v A X satisfying Pv ¼ f . Then finite

propagation property implies that vðt; xÞ ¼ uðt; xÞ in We0ðt0; x0Þ. (2.45) with K ¼
We0ðt0; x0Þ \ ftb 0g and (2.46) yield

jujp;We0
ðt0;x0Þ ¼ jvjp;We0

ðt0;x0Þ aCp;K j f jq;K 0 aCp;K j f jq;R nþ1

aC 0Cp;K jPujp;We0
ðt0;x0Þ;

which proves the lemma. r

3. The Triple Characteristic Factors

We factorized pðt; t; xÞ as (2.1):

pðt; t; xÞ ¼
Yrð jÞ
k¼1

p j;kðt; t; xÞ for ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ;

where 1a jaN0. In this section we omit the subscript j and the superscript j,

and ‘‘ j’’ of rð jÞ and mð j; kÞ, in the same manner as in §2. Fix k0 A N so that

1a k0 a r and mðk0Þ ¼ 3. We also define Dk0
l ðt; xÞ ð0a la 3Þ by

t3 þ
X3
l¼1

Dk0
l ðt; xÞt3�l ¼

Y
1ak<la3

ðtþ mk0
k; lðt; xÞÞ;

Dk0
0 ðt; xÞ1 1;
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where mk0
k; lðt; xÞ ¼ ðlk0

k ðt; xÞ � lk0
l ðt; xÞÞ2. Then we have

Dk0
3 ðt; xÞ ¼ D̂Dk0ðt; xÞ ¼ 4âak0

2 ðt; xÞ3 � 27âak0
3 ðt; xÞ2;

Dk0
2 ðt; xÞ ¼ 9âak0

2 ðt; xÞ2;

Dk0
1 ðt; xÞ ¼ 6âak0

2 ðt; xÞ:

By the factorization theorem we can write

Pðt; t; xÞ ¼ P1ðt; t; xÞ � � � � � Pk0�1ðt; t; xÞ � Pk0þ1ðt; t; xÞð3:1Þ

� � � � � Prðt; t; xÞ � Pk0ðt; t; xÞ þ Rðt; t; xÞ;

where Rðt; t; xÞ A Sm�1;�y
1;0 ð½0; d1� � ðGnf0gÞÞ. We note that the Pkðt; t; xÞ are

di¤erent from the Pkðt; t; xÞ in (2.2) if k0 0 r, and that whether (2.18) and (2.19)

in Lemma 2.5 of [11] are satisfied or not does not depend on the order of the

product in (2.2) (see Lemma 2.5 and its remark of [11]). We may assume that

Pkðt; t; xÞ are defined for ðt; t; xÞ A ½0; d1� � R� ððG [ ð�GÞÞnf0gÞ as stated in §2.

For ðt; t; xÞ A ½0; d1� � R� ðð�GÞnf0gÞ we define Rðt; t; xÞ by

Rðt; t; xÞ ¼ Pðt; t; xÞ � P1ðt; t; xÞ � � � � � Pk0�1ðt; t; xÞ � Pk0þ1ðt; t; xÞ

� � � � � Prðt; t; xÞ � Pk0ðt; t; xÞ

(see Lemma 2.1). Now fix k0, and write Pk0ðt; t; xÞ, pk0ðt; t; xÞ, Dk0
l ðt; xÞ; . . . as

Pðt; t; xÞ, pðt; t; xÞ, Dlðt; xÞ; . . . , i.e.,

pðt; t; xÞ ¼ t3 þ a1ðt; xÞt2 þ a2ðt; xÞtþ a3ðt; xÞ;

p̂pðt; t; xÞ ¼ pðt; t� a1ðt; xÞ=3; xÞ ¼ t3 � âa2ðt; xÞtþ âa3ðt; xÞ;

Pðt; t; xÞ ¼ pðt; t; xÞ þ q0ðt; t; xÞ þ q1ðt; t; xÞ þ rðt; t; xÞ

until Lemma 3.5, where qlðt; t; xÞ A S2;�l
1;0 ð½0; d1� � ðGnf0gÞÞ is positively homo-

geneous of degree ð2� lÞ in ðt; xÞ for jxjb 1 ðl ¼ 0; 1Þ and rðt; t; xÞ A
S2;�2
1;0 ð½0; d1� � ðGnf0gÞÞ. Let t0 A ½0; d1=2�, x0 A G \ Sn�1 and y0 > 0, and let

TðyÞ;XlðyÞ A Cyðð0; y0�Þ \ Cð½0; y0�Þ ð1a la nÞ be real-valued functions sat-

isfying the following:

(i) 0 < t0 þ TðyÞa d1 for y A ð0; y0�.
(ii) Tð0Þ ¼ 0 and Xð0Þ ¼ x0, where XðyÞ ¼ ðX1ðyÞ; . . . ;XnðyÞÞ.
(iii) XðyÞ A Sn�1 for y A ½0; y0� and the XlðyÞ are real analytic in ½0; y0�.
(iv) TðyÞ can be expanded into a convergent Puiseux series of y A ½0; y0�.
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We say that TðyÞ and XðyÞ satisfy the condition ðT ;XÞ if the above conditions

(i)–(iv) are satisfied.

(I) The case where D3ðt;XðyÞÞ2 0 in ðt; yÞ.
Applying the Weierstrass preparation theorem, we can write

D3ðt0 þ t;XðyÞÞâa2ðt0 þ t;XðyÞÞ

¼
Xy
l¼l0

dlðtÞy l ¼ y l0dðt; yÞ
Yn0
i¼1

ðt� tiðyÞÞ; dðt; yÞ0 0

for ðt; yÞ A ½�d0; d0� � ½0; y0�, where 0 < d0 a d1 � t0, dl0ðtÞ2 0 and tiðyÞ1
tiðy; t0;XÞ. The tiðyÞ can be expanded into a convergent Puiseux series of y in

½0; y0�, with a modification of y0 if necessary. Put

R0ðXðyÞ; pÞ ¼ ft0 þ tiðyÞ; 1a ia n0g;

~RR0ðXðyÞ; pÞ ¼ fðt0 þRe tiðyÞÞþ; 1a ia n0g:

Then we have

R0ðXðyÞÞ � ~RR0ðXðyÞ; pÞ ðy A ð0; y0�Þ;

min
s AR0ðXðyÞÞ

jt0 þ TðyÞ � sja min
s A ~RR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sjð3:2Þ

a min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sj ðy A ð0; y0�Þ:

(2.43) implies that D3ðt; xÞ ¼ 0 if D3ðt; xÞâa2ðt; xÞ ¼ 0.

(II) The case where D3ðt;XðyÞÞ1 0 and âa2ðt;XðyÞÞ2 0 in ðt; yÞ.
Similarly, we can write

âa2ðt0 þ t;XðyÞÞ ¼ y l0dðt; yÞ
Yn0
i¼1

ðt� tiðyÞÞ; dðt; yÞ0 0

for ðt; yÞ A ½�d0; d0� � ½0; y0�;

where tiðyÞ1 tiðy; t0;XÞ is expanded into a convergent Puiseux series of y in

½0; y0�, with modifications of y0 and d0 if necessary. Since D2ðt; xÞ ¼ 9âa2ðt; xÞ2, we
have also

R0ðXðyÞÞ � fðt0 þRe tiðyÞÞþ; 1a ia n0g ð1 ~RR0ðXðyÞ; pÞÞ ðy A ð0; y0�Þ:

Putting R0ðXðyÞ; pÞ ¼ ft0 þ tiðyÞ; 1a ia n0g, we have (3.2).

(III) The case where âa2ðt;XðyÞÞ1 0 in ðt; yÞ.
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By (2.13) we have p̂pðt; t;XðyÞÞ ¼ t3 and put

R0ðXðyÞ; pÞ ¼ ~RR0ðXðyÞ; pÞ ¼ q ð� R0ðXðyÞÞÞ;

n0 ¼ 0 and l0 ¼ y.

Now we define

m̂m ð1 m̂mðt0; x0;T ;XÞÞ ¼ fOrdy#0 âa2ðt0 þ TðyÞ;XðyÞÞg=2;

m̂m0 ð1 m̂m0ðt0; x0;T ;XÞÞ ¼ fOrdy#0 D3ðt0 þ TðyÞ;XðyÞÞg=2� m̂m;

m1 ð1 m1ðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sjaðt0 þ TðyÞ;XðyÞÞ
� �

;

m2 ð1 m2ðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sjbðt0 þ TðyÞ;XðyÞÞ
� �

;

m3 ð1 m3ðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sj2ĉc1ðt0 þ TðyÞ;XðyÞÞ
� �

;

d ð1 dðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sj
� �

;

where

aðt; xÞ ¼ b̂b1ðt; xÞ þ iqta1ðt; xÞ;

ĉc1ðt; xÞ ¼ sub2 sðPÞðt;�a1ðt; xÞ=3; xÞ

and bðt; xÞ is defined by (2.39) with k ¼ k0, and m̂m ¼ m̂m0 ¼ m̂m0 � m̂m ¼ y and d ¼ 0

in the case (III). Here for f A Cð½0; y0�Þ Ordy#0 f ðyÞ ¼ n ðA RÞ means that there

is c A Cnf0g satisfying f ðyÞ ¼ cynð1þ oð1ÞÞ as y # 0. We write Ordy#0 f ðyÞ ¼ y

if f ðyÞ ¼ OðyNÞ as y # 0 for any N A Zþ. Note that

ðqt sub sðPÞÞðt;Aðt; xÞ � a1ðt; xÞ=3; xÞ ¼ 2b0ðt; xÞAðt; xÞ þ aðt; xÞ:ð3:3Þ

It follows from (2.43) and (2.44) that

m̂m0 b 2m̂m;

m̂m0 ¼ Ordy#0 h2ðt0 þ TðyÞ;Aðt0 þ TðyÞ;XðyÞÞ;XðyÞ; p̂pÞ1=2:

Proposition 3.1. If

minfm1; m3g < m̂m or m2 < m̂m0;ð3:4Þ
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then ‘‘the Cauchy problem (CP) is not Cy well-posed ’’ or ‘‘(CP) does not have

finite propagation property.’’

Remark. When one replaces R0ðXðyÞ; pÞ by ~RR0ðXðyÞ; pÞ in the definitions

of mk ðk ¼ 1; 2; 3Þ and d, one can show that the proposition is valid, using (3.2).

It follows from (2.5) and (2.26) of [11] that whether (3.4) holds or not does not

depend on the order of the product in (2.2), although the mk are defined under the

factorization (3.1). Indeed, if 1a ka r, mðkÞ ¼ 3 and aðt; t; xÞ is a polynomial

of t satisfying aðt; t; xÞ ¼ Oðhm�1ðt; t; xÞ1=2Þ for ðt; t; xÞ A ½0; d1� � Ik � ðG \ Sn�1Þ,
then there are bmðt; xÞ ð1a ma 3Þ and C > 0 such that

aðt; t; xÞ ¼
X3
m¼1

bmðt; xÞpk
m ðt; t; xÞ;

jbmðt; xÞjaC ð1a ma 3Þ:

So we have

jqtaðt; t; xÞjaC
X3
m¼1

jqtpk
m ðt; t; xÞjaC 0h1ðt; t; x; pkÞ1=2:

Corollary 3.2. Assume that the Cauchy problem (CP) is Cy well-posed

and has finite propagation property. Let ðt0; x0Þ A ½0; d1=2� � ðG \ Sn�1Þ. Then we

have

m̂m0ðt0; x0;T ;XÞa m2ðt0; x0;T ;XÞ;

m̂mðt0; x0;T ;XÞa mkðt0; x0;T ;XÞ ðk ¼ 1; 3Þ

if TðyÞ and XðyÞ satisfy the condition ðT ;XÞ.

Remark. The corollary does not depend on the order of the product in

(2.2).

In the rest of this section we shall prove Proposition 3.1, and give several

lemmas. Assume that (3.4) is satisfied. Then we have d < y since mk b d

ðk ¼ 1; 2Þ and m3 b 2d. Moreover, we have m̂m0 > 0 and D3ðt0; x0Þ ¼ 0. There is

c0 > 0 such that

min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sjb c0y
d for y A ½0; y0�:
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In the case (III) we may take c0 ¼ 1 and n0 ¼ 0. For v A R we put

TvðyÞ ¼ TðyÞ þ vyd:ð3:5Þ

In the cases (I) and (II) we have

âa2ðt0 þ TvðyÞ;XðyÞÞ ¼ y2m̂mðdðvÞ þ oð1ÞÞ as y # 0;

where dðvÞ2 0 is a polynomial of v with real coe‰cients. It is easy to see

that

dðvÞ > 0 for v A ½�c0=2; c0=2�;

âa2ðt0 þ TvðyÞ;XðyÞÞ1=2 ¼ ym̂mð
ffiffiffiffiffiffiffiffiffi
dðvÞ

p
þ oð1ÞÞ

uniformly in v A ½�c0=2; c0=2� as y # 0:

Write

aðt0 þ TvðyÞ;XðyÞÞ ¼ y ~mm1�dðd1ðvÞ þ oð1ÞÞ as y # 0 if aðt;XðyÞÞ2 0 in ðt; yÞ;

bðt0 þ TvðyÞ;XðyÞÞ ¼ y ~mm2�dðd2ðvÞ þ oð1ÞÞ as y # 0 if bðt;XðyÞÞ2 0 in ðt; yÞ;

ĉc1ðt0 þ TvðyÞ;XðyÞÞ ¼ y ~mm3�2dðd3ðvÞ þ oð1ÞÞ as y # 0 if ĉc1ðt;XðyÞÞ2 0 in ðt; yÞ;

where ~mmk A Q and the dkðvÞ ð2 0) are polynomials of v. Here, for instance, we put

~mm2 ¼ y if bðt;XðyÞÞ1 0 in ðt; yÞ. We note that ~mml a ml ð1a la 3Þ. It is easy to

see that

fOrdy#0 D3ðt0 þ TvðyÞ;XðyÞÞg=2� m̂m ¼ m̂m0 for v A ½�c0=2; c0=2�

in the case (I). We also write

âa3ðt0 þ TvðyÞ;XðyÞÞ ¼ ym4ðd4ðvÞ þ oð1ÞÞ as y # 0 if âa3ðt;XðyÞÞ2 0 in ðt; yÞ;

where d4ðvÞ ð2 0) is a polynomial of v with real coe‰cients. Therefore, there

are v0 A ðc0=4; c0=2Þ and s0 > 0 such that I0 1 ½v0 � s0; v0 þ s0� � ½c0=4; c0=2� and

d1ðvÞ0 0 if aðt;XðyÞÞ2 0 in ðt; yÞ;

d2ðvÞ0 0 if bðt;XðyÞÞ2 0 in ðt; yÞ;

d3ðvÞ0 0 if ĉc1ðt;XðyÞÞ2 0 in ðt; yÞ;

d4ðvÞ0 0 if âa3ðt;XðyÞÞ2 0 in ðt; yÞ
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for v A I0. In particular, we have

nðt0 þ TvðyÞ;XðyÞÞ ¼
1 if d4ðvÞ > 0 or âa3ðt;XðyÞÞ1 0 in ðt; yÞ;
�1 if d4ðvÞ < 0

�

for v A I0, where

nðt; xÞ ¼ 1 if âa3ðt; xÞb 0;

�1 if âa3ðt; xÞ < 0:

�

We replace TðyÞ by Tv0ðyÞ. Then we can assume that I0 ¼ ½�s0; s0�, ml ¼ ~mml
ð1a la 3Þ and minfm1; m3g < m̂m or m2 < m̂m0. Let k and d 0 be positive rational

constants satisfying d 0k < 1. Moreover, we assume that d 0 A ð0; 1Þ and 1� d 0k <

dk=2 (see (3.18) below). We make an asymptotic change of variables:

t ¼ tðs; rÞ1 t0 þ Tðr�kÞ þ r�dks; x ¼ xðy; rÞ1 rd 0k�1y:ð3:6Þ

Put

Prðs; s; hÞ ¼ Pðtðs; rÞ; rdks; r1�d 0khÞ:ð3:7Þ

Let K be a compact neighborhood of ðt0; 0Þ in R� Rn, and put

V ¼ fðs; y; r�1Þ A ½�s0; s0� � Rn � ð0; r�1
0 �; jyja 1g;

where r0 > 0. We choose r0 so that

fðtðs; rÞ; xðy; rÞÞ; s A ½�s0; s0� and jyja 1gð3:8Þ

� fðt; xÞ A K ; t A ½0; d1�g for rb r0:

Lemma 3.3. Let c A CyðRÞ, and let qðs; sÞ be a polynomial of s of degree 3.

Then we have

e�icðsÞqðs; rdkDsÞðeicðsÞuðsÞÞ

¼
�
qðs; rdkðqscðsÞ þ sÞÞ � i

2
qð2Þðs; rdkðqscðsÞ þ sÞÞr2dkq2scðsÞ

� 1

6
qð3Þðs; rdkðqscðsÞ þ sÞÞr3dkq3scðsÞ

�
s¼Ds

uðsÞ

for uðsÞ A CyðRÞ, where qðkÞðs; sÞ ¼ qk
sqðs; sÞ. Here aðs; sÞjs¼Ds

¼ aðs;DsÞ for a

symbol aðs; sÞ.
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Proof. If qðs; sÞ ¼ s, s2 or s3, then the lemma can be easily proved. This

proves the lemma. r

Let e ¼G1, and let n0 and g0 be positive constants. Put

jðs; rÞ ¼
Xl̂l

k¼0

r�kg0jkðs; rÞ;ð3:9Þ

Fðs; y; rÞ ¼ r1�dk

ð s
0

fAðtðu; rÞ;Xðr�kÞÞ � a1ðtðu; rÞ;Xðr�kÞÞ=3g du

þ rd 0ky � Xðr�kÞ;

Eðs; y; r; e; n0; jÞ ¼ exp½ieFðs; y; rÞ þ irn0jðs; rÞ�;ð3:10Þ

where jkðs; rÞ A Cyð½�s0; s0�Þ for rb r0, the jkðs; rÞ satisfy jq l
sjkðs; rÞjaCl for

l A Zþ and ðs; r�1Þ A ½�s0; s0� � ð0; r�1
0 �, l̂l ¼ 0 or 1, and Aðt; xÞ ð1Ak0ðt; xÞÞ is

defined by (2.11) with k ¼ k0. By Lemma 3.3 we have

~PPðs;Ds; r;EÞuðsÞ

1Eðs; y; r; e; n0; jÞ�1
Prðs;Ds;DyÞðEðs; y; r; e; n0; jÞuðsÞÞ

¼ Eðs; 0; r; e; n0; jÞ�1
Pðtðs; rÞ; rdkDs; erXðr�kÞÞðEðs; 0; r; e; n0; jÞuðsÞÞ

¼
�
Pðtðs; rÞ; er ~AAðs; rÞ þ rdkþn0qsjþ rdks; erXðr�kÞÞ

� i

2
Pð2Þðtðs; rÞ; er ~AAþ rdkþn0qsjþ rdks; erXðr�kÞÞ

� r2dkðer1�dkqs ~AAþ rn0q2s jÞ � r3dkðer1�dkq2s
~AAþ rn0q3s jÞ

�
s¼Ds

uðsÞ;

where

~AA1 ~AAðs; rÞ ¼ Aðtðs; rÞ;Xðr�kÞÞ � a1ðtðs; rÞ;Xðr�kÞÞ=3

and j ¼ jðs; rÞ.

Lemma 3.4. Let m A Zþ, and let aðs; yÞ A Cyð½�s0; s0� � ½0; y0�Þ satisfy

aðs; yÞ ¼ OðymÞ uniformly in s A ½�s0; s0� as y # 0:

Namely, there is C > 0 such that

jy�maðs; yÞjaC if ðs; yÞ A ½�s0; s0� � ð0; y0�:
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Then, for any l A Zþ

q l
saðs; yÞ ¼ OðymÞ uniformly in s A ½�s0; s0� as y # 0:

Remark. For instance, for âa2ðt; xÞ there is L A N such that

aðs; yÞ1 âa2ðtðs; y�L=kÞ;XðyLÞÞ A Cyð½�s0; s0� � ½0; y1=L0 �Þ:

Then, we can apply the lemma to aðs; yÞ, and for any l A Zþ we have

q l
s âa2ðtðs; rÞ;Xðr�kÞÞ ¼ Oðr�m̂mkÞ uniformly in s A ½�s0; s0� as r ! y:

Proof. By assumption we have

ðq l
yaÞðs; 0Þ1 0 in s ð0a la m� 1Þ:

Then Taylor’s formula yields

q l
saðs; yÞ ¼

ym

ðm� 1Þ!

ð1
0

ð1� tÞm�1ðq l
sq

m
y aÞðs; tyÞ dt:

This proves the lemma. r

Recall that

p̂pðt; t; xÞ ¼ pðt; t� a1ðt; xÞ=3; xÞ ¼ t3 � âa2ðt; xÞtþ âa3ðt; xÞ;

Pðt; t; xÞ ¼ pðt; t; xÞ þ q0ðt; t; xÞ þ q1ðt; t; xÞ þ rðt; t; xÞ;

q0ðt; t� a1ðt; xÞ=3; xÞ ¼ b0ðt; xÞt2 þ b̂b1ðt; xÞtþ b̂b2ðt; xÞ;

aðt; xÞ ¼ b̂b1ðt; xÞ þ iqta1ðt; xÞ:

A straightforward calculation yields

~PPðs;Ds; r;EÞuðsÞð3:11Þ

¼
�
er3p̂pðtðs; rÞ;Aðs; rÞ;Xðr�kÞÞ þ 3er1þ2dkAðs; rÞðrn0qsjþ sÞ2

þ r3dkðrn0qsjþ sÞ3 þ r2q0ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞ

þ er1þdkq
ð1Þ
0 ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞðrn0qsjþ sÞ

þ r2dkb0ðtðs; rÞ;Xðr�kÞÞðrn0qsjþ sÞ2
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þ erq1ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞ

þ rdkq
ð1Þ
1 ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞðrn0qsjþ sÞ

þ e

2
r2dk�1q

ð2Þ
1 ðtðs; rÞ; 0;Xðr�kÞÞðrn0qsjþ sÞ2

þ rðtðs; rÞ; er ~AAðs; rÞ þ rdkþn0qsjþ rdks; erXðr�kÞÞ

�
�
3eirAðs; rÞ þ 3irdkðrn0qsjþ sÞ þ ib0ðtðs; rÞ;Xðr�kÞÞ

þ i

2
q
ð2Þ
1 ðtðs; rÞ; 0; erXðr�kÞÞ þ i

2
rð2Þðtðs; rÞ; 0; erXðr�kÞÞ

�

� ðer1þdkqs ~AAðs; rÞ þ r2dkþn0q2s jÞ

� ðer1þ2dkq2s
~AAðs; rÞ þ r3dkþn0q3s jÞ

�
s¼Ds

uðsÞ

¼ ½r3dkþ3n0ðqsjÞ3

þ r2fq0ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞ � 3irdkAðs; rÞqs ~AAðs; rÞg

þ 3er1þ2dkþ2n0Aðs; rÞðqsjÞ2

þ er1þdkþn0fb̂b1ðtðs; rÞ;Xðr�kÞÞ þ rdkqsa1ðtðs; rÞ;Xðr�kÞÞg

� ðqsjþ r�n0DsÞ

þ erfq1ðtðs; rÞ; ~AAðs; rÞ;Xðr�kÞÞ þ r2dkq2s a1ðtðs; rÞ;Xðr�kÞÞ=3

þ irdkb0ðtðs; rÞ;Xðr�kÞÞqsa1ðtðs; rÞ;Xðr�kÞÞ=3g

� 2er3ðAðs; rÞ3 � âa3ðtðs; rÞ;Xðr�kÞÞ=2Þ

þ r3dkþ2n0f3ðqsjÞ2Ds � 3iðqsjÞðq2s jÞ

þ r�n0 l1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; eÞ

þ r�dkb0ðtðs; rÞ;Xðr�kÞÞðqsjÞ2 þ r�dk�1l2ðs; r�1; qsj;DsÞg

þ er1þ2dkþn0f6Aðtðs; rÞ;Xðr�kÞÞðqsjÞDs

� 3iAðtðs; rÞ;Xðr�kÞÞðq2s jÞ

� 3iqsAðtðs; rÞ;Xðr�kÞÞðqsjÞ þ r�m̂mk�n0 l3ðs; r�1;DsÞ
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þ 2r�dkAðtðs; rÞ;Xðr�kÞÞb0ðtðs; rÞ;Xðr�kÞÞ

� ðqsjþ r�n0DsÞg�uðsÞ

¼ ½r3dkþ3n0ðqsjÞ3 þ r2�m2kþdkðrm2k�dkbðtðs; rÞ;Xðr�kÞÞÞ

þ 3er1þ2dk�m̂mkþ2n0ðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðqsjÞ2

þ er1þ2dk�m1kþn0ðrm1k�dkaðtðs; rÞ;Xðr�kÞÞÞðqsjþ r�n0DsÞ

þ er1�m3kþ2dkðrm3k�2dkĉc1ðtðs; rÞ;Xðr�kÞÞÞ

� 2er3�2m̂m0þm̂mkðr2m̂m0k�m̂mkðAðtðs; rÞ;Xðr�kÞÞ3

� âa3ðtðs; rÞ;Xðr�kÞÞ=2ÞÞ

þ r3dkþ2n0f3ðqsjÞ2Ds � 3iðqsjÞðq2s jÞ

þ r�n0 l1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; eÞ

þ r�dkb0ðtðs; rÞ;Xðr�kÞÞðqsjÞ2 þ r�dk�1l2ðs; r�1; qsj;DsÞg

þ er1þ2dk�m̂mkþn0f6ðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðqsjÞDs

� 3iðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðq2s jÞ

� 3iðrm̂mkqsAðtðs; rÞ;Xðr�kÞÞÞðqsjÞ þ r�n0 l3ðs; r�1;DsÞ

þ 2r�dkðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞb0ðtðs; rÞ;Xðr�kÞÞ

� ðqsjþ r�n0DsÞg�uðsÞ;

where l1ðs; y;X1;X2;X3;X4;X5Þ is a polynomial of fXkg1aka5 with coe‰cients

in Cyð½�s0; s0� � ½0; 1�Þ, degX1
l1 ¼ 2, degXk

l1 ¼ 1 ðk ¼ 2; 3; 5Þ and degX4
l1 ¼ 3,

l2ðs; y;X1;X2Þ is a polynomial of X1 and X2 with coe‰cients in Cyð½�s0; s0� �
½0; 1�Þ, degXk

l2 ¼ 2 ðk ¼ 1; 2Þ, and l3ðs; y;DsÞ is a di¤erential operator of order 2

with coe‰cients in Cyð½�s0; s0� � ½0; 1�Þ, and l3ðs; y;DsÞ ¼ 0 if m̂m ¼ y. Here we

have used the facts that

3Aðt; xÞ2 ¼ âa2ðt; xÞ;

bð�Þ ¼ q0ðtðs; rÞ;Að�Þ � a1ð�Þ=3;Xðr�kÞÞ þ irdkAð�Þqsa1ð�Þ �
i

2
rdkqsâa2ð�Þ

¼ q0ðtðs; rÞ;Að�Þ � a1ð�Þ=3;Xðr�kÞÞ � 3irdkAð�ÞqsðAð�Þ � a1ð�Þ=3Þ;

b̂b1ð�Þ þ irdkqsa1ð�Þ ¼ að�Þ;
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q1ðtðs; rÞ;�a1ð�Þ=3;Xðr�kÞÞ þ r2dkq2s a1ð�Þ=3þ irdkb0ð�Þqsa1ð�Þ=3 ¼ ĉc1ð�Þ;

q1ðtðs; rÞ; ~AAð�Þ;Xðr�kÞÞ

¼ q1ðtðs; rÞ;�a1ð�Þ=3;Xðr�kÞÞ þ q
ð1Þ
1 ðtðs; rÞ;�a1ð�Þ=3;Xðr�kÞÞAð�Þ

þ 1

2
q
ð2Þ
1 ðtðs; rÞ; 0;Xðr�kÞÞAð�Þ2;

rðtðs; rÞ; er ~AAð�Þ; erXðr�kÞÞ ¼ Oð1Þ;
rð1Þðtðs; rÞ; er ~AAð�Þ; erXðr�kÞÞ ¼ Oðr�1Þ;
rð2Þðtðs; rÞ; 0; erXðr�kÞÞ ¼ Oðr�2Þ

8><
>:

uniformly in s A ½�s0; s0� as r ! y;

where ð�Þ ¼ ðtðs; rÞ;Xðr�kÞÞ. We note that

Aðt; xÞ3 � âa3ðt; xÞ=2 ¼ nðt; xÞfðâa2ðt; xÞ=3Þ3=2 � jâa3ðt; xÞj=2g;

D3ðt; xÞ ¼ 108fðâa2ðt; xÞ=3Þ3=2 � jâa3ðt; xÞj=2gfðâa2ðt; xÞ=3Þ3=2 þ jâa3ðt; xÞj=2g;

D3ðt; xÞa 216jAðt; xÞ3 � âa3ðt; xÞ=2jðâa2ðt; xÞ=3Þ3=2 a 2D3ðt; xÞ:

This implies that there is C > 0 satisfying

r2m̂m0k�m̂mkjAðtðs; rÞ;Xðr�kÞÞ3 � âa3ðtðs; rÞ;Xðr�kÞÞ=2jaC

for ðs; r�1Þ A ½�s0; s0� � ð0; r�1
0 �. We shall prove Proposition 3.1 by dividing into

four cases:

Case A is the case where

minfm1; m3gb m2=2 and m2 < 2m̂m:

Case B is the case where

minfm1; m3gb m̂m and 2m̂ma m2 < m̂m0:

Case C is the case where

m1 a m3; 2m1 < m2 and m1 < m̂m:

Case D is the case where

m3 a m1; 2m3 < m2 and m3 < m̂m:

Let us first consider Case A. We choose

n0 ¼ ð2� m2k� 2dkÞ=3; k ¼ ðdþ m2=2þ 3m4=2Þ
�1;
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where m4 ¼ minfm̂m� m2=2; 2=3g. Then we have

3dkþ 3n0 ¼ 2� m2kþ dk; 1� dk ¼ ðm2 þ 3m4Þk=2;

n0 ¼ m4k ð> 0Þ; n0 a 2=3;

3dkþ 3n0 � ð1þ 2dk� m̂mkþ 2n0Þ ¼ n0=2þ ðm̂m� m2=2� m4Þkb n0=2;

3dkþ 3n0 � ð1þ 2dk� m1kþ n0Þ ¼ n0=2þ ðm1 � m2=2Þkb n0=2;

3dkþ 3n0 � ð1þ 2dk� m3kÞ ¼ 3n0=2þ ðm3 � m2=2Þkb 3n0=2;

3dkþ 3n0 � ð3� 2m̂m0kþ m̂mkÞ ¼ 3n0=2þ 2ðm̂m0 � 2m̂mÞkþ 3ðm̂m� m2=2� m4Þkb 3n0=2:

So we choose e ¼ 1, l̂l ¼ 1 and g0 ¼ n0=2 in (3.9) and (3.10). We note that

Aðtðs; rÞ;Xðr�kÞÞ1Aðtðs; rÞ;Xðr�kÞÞ3 � âa3ðtðs; rÞ;Xðr�kÞÞ=21 0

and 3� 2m̂m0kþ m̂mk ¼ �y when m̂m ¼ y. Define j0ðs; rÞ A Cyð½�s0; s0� � ½r0;yÞÞ
by

j0ðs; rÞ ¼
ð s
0

ð�rm2k�dkbðtðu; rÞ;Xðr�kÞÞÞ1=3 du:ð3:12Þ

Note that

rm2k�dkbðtðs; rÞ;Xðr�kÞÞ ¼ d2ðsÞ þ oð1Þ as r ! y;

where d2ðsÞ0 0 for s A ½�s0; s0�. Here we have chozen a branch of ð�rm2k�dk �
bðtðu; rÞ;Xðr�kÞÞÞ1=3 so that its imaginary part is negative. Then there is d̂d > 0

such that

Im j0ðs; rÞb d̂djsj for s A ½�s0; 0Þ and rb r0;

with a modification of r0 if necessary. Since

ðqsj0ðs; rÞ þ r�n0=2qsj1ðs; rÞÞ
3 ¼ ðqsj0Þ

3 þ 3r�n0=2ðqsj0Þ
2ðqsj1Þ

þ 3r�n0ðqsj0Þðqsj1Þ
2 þ r�3n0=2ðqsj1Þ

3;

qsj1ðs; rÞ is chosen so as to satisfy

3ðqsj0Þ
2ðqsj1Þ þ 3r�ð m̂m�m2=2�m4Þðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðqsj0Þ

2

þ r�ðm1�m2=2Þkðrm1k�dkaðtðs; rÞ;Xðr�kÞÞÞðqsj0Þ ¼ 0:

Noting qsj0ðs; rÞ ¼ ð�d2ðsÞÞ1=3 þOð1Þ as r ! y, we define
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j1ðs; rÞ ¼ �
ð s
0

½r�ð m̂m�m2=2�m4Þðrm̂mkAðtðu; rÞ;Xðr�kÞÞÞ

þ r�ðm1�m2=2Þkðrm1k�dkaðtðu; rÞ;Xðr�kÞÞÞ=ð3ðqsj0Þðu; rÞÞ� du:

Putting

uðs; r�1Þ@
Xy
l¼0

r�ln0ulðs; r�1Þ;ð3:13Þ

u�1ðs; r�1Þ1 0; u0ð0; r�1Þ ¼ 1; ukð0; r�1Þ ¼ 0 ðkb 1Þ;ð3:14Þ

we obtain the following transport equations for uðs; r�1Þ:

fð3ðqsjðs; rÞÞ2 þ 6r�n0=2�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞðqsjÞð3:15Þ

þ r�n0=2�ðm1�m2=2Þkðrm1k�dkaðtðs; rÞ;Xðr�kÞÞÞDs

þ 3ðqsj1ðs; rÞÞ
2qsj0ðs; rÞ þ r�n0=2ðqsj1Þ

3

þ 6r�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞðqsj0Þðqsj1Þ

þ 3r�n0=2�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðqsj1Þ
2

þ r�ðm1�m2=2Þkðrm1k�dkaðtðs; rÞ;Xðr�kÞÞÞðqsj1Þ

þ r�n0=2�ðm3�m2=2Þkðrm3k�2dkĉc1ðtðs; rÞ;Xðr�kÞÞÞ � 2r�n0=2�2ð m̂m0�2m̂mÞk�3n1

� ðr2m̂m0k�m̂mkðAðtðs; rÞ;Xðr�kÞÞ3 � âa3ðtðs; rÞ;Xðr�kÞÞ=2ÞÞ

� 3iðqsjÞðq2s jÞ þ r�dkb0ðtðs; rÞ;Xðr�kÞÞðqsjÞ2

� 3ir�n0=2�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞðq2s jÞ

� 3ir�n0=2�n1ðrm̂mkqsAðtðs; rÞ;Xðr�kÞÞÞðqsjÞ

þ 2r�dk�n0=2�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞb0ðtðs; rÞ;Xðr�kÞÞðqsjÞg

� ukðs; r�1Þ

þ fl1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; 1Þ

þ rn0�dk�1l2ðs; r�1; qsj;DsÞ þ r�n0=2�n1 l3ðs; r�1;DsÞ

þ 2r�dk�n0=2�n1ðrm̂mkAðtðs; rÞ;Xðr�kÞÞb0ðtðs; rÞ;Xðr�kÞÞDsg

� uk�1ðs; r�1Þ ¼ 0 ðk ¼ 0; 1; 2; . . .Þ;
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where n1 ¼ ðm̂m� m2=2� m4Þk. We can determine fukðs; r�1Þgk¼0;1;2;..., inductively,

so as to satisfy (3.14) and (3.15). It is easy to see that there are Cl;k > 0

ðl; k A ZþÞ satisfying

jDl
sukðs; r�1ÞjaCl;k for l; k A Zþ; s A ½�s0; s0� and r A ½r0;yÞ:

Let fðsÞ A Cy
0 ðRÞ satisfy

fðsÞ ¼ 1 if jsja s0=2;

0 if jsjb s0;

�

and put

vNðs; y; r�1; eÞ ¼
XN
k¼0

r�kn0ukðs; r�1ÞfðsÞEðs; y; r; e; n0; jÞ ðN A ZþÞ:ð3:16Þ

Then we have

ðrdkDsÞ lðr1�d 0kDyÞaPrðs;Ds;DyÞvNðs; y; r�1; 1Þð3:17Þ

¼

Oðr3dkþ2n0�n0ðNþ1ÞþlþjajÞ
uniformly in ~WWe0;rð0; 0Þ \ fjsja s0=2g as r ! y;

Oðr�MÞ
uniformly in ~WWe0;rð0; 0Þ \ fs0=2a jsja s0g as r ! y

ðM A NÞ;

8>>>>><
>>>>>:

where

~WWe0;rð0; 0Þ ¼ fðs; yÞ A Rnþ1; s < �e0r
dk�2þ2d 0kjyj2g:ð3:18Þ

Here we have taken e ¼ 1 in Case A. Next cosider Case B. Note that m̂m < y and

m2 < y. We choose

n0 ¼ ð1� dkþ m̂mk� m2kÞ=2; k ¼ ðd� m̂mþ m̂m0Þ
�1:

Then we have

2� m2kþ dk ¼ 1þ 2dk� m̂mkþ 2n0; 1� dk ¼ ðm̂m0 � m̂mÞk;

n0 ¼ ðm̂m0 � m2Þk=2 ð> 0Þ;

1þ 2dk� m̂mkþ 2n0 � ð3dkþ 3n0Þ ¼ n0 þ ðm2 � 2m̂mÞkb n0;

1þ 2dk� m̂mkþ 2n0 � ð1þ 2dk� m1kþ n0Þ ¼ n0 þ ðm1 � m̂mÞkb n0;

1þ 2dk� m̂mkþ 2n0 � ð1� m3kþ 2dkÞ ¼ 2n0 þ ðm3 � m̂mÞkb 2n0;

1þ 2dk� m̂mkþ 2n0 � ð3� 2m̂m0kþ m̂mkÞ ¼ 2n0:
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Therefore, we choose l̂l ¼ 0 in (3.9) and e ¼G1 so that the imaginary part of a

branch of ð�e~bbðs; rÞ=3Þ1=2 is negative, where

~bbðs; rÞ ¼ ðrm̂mkAðtðs; rÞ;Xðr�kÞÞÞ�1ðrm2k�dkbðtðs; rÞ;Xðr�kÞÞÞ:

We define jðs; rÞ A Cyð½�s0; s0� � ½r0;yÞÞ by

jðs; rÞ ¼
ð s
0

ð�e~bbðu; rÞ=3Þ1=2 du:

Here we have

~bbðs; rÞ ¼ ðdðsÞ=3Þ�1=2
d2ðsÞ þ oð1Þ as r ! y;

dðsÞ > 0 and d2ðsÞ0 0 for s A ½�s0; s0�;

Imð�e~bbðs; rÞ=3Þ1=2 < 0 for s A ½�s0; s0�:

Writing uðs; r�1Þ as (3.13), we obtain the following transport equations for

uðs; r�1Þ:

f6eðrm̂mkAð�ÞÞðqsjÞDs þ r�ðm2�2m̂mÞkðqsjÞ3ð3:19Þ

þ er�kðm1�m̂mÞðrm1k�dkað�ÞÞðqsjÞ � 3eiðrm̂mkAð�ÞÞðq2s jÞ

� 3eiðrm̂mkqsAð�ÞÞðqsjÞ þ 2er�dkðrm̂mkAð�ÞÞb0ð�ÞðqsjÞgukðs; r�1Þ

þ fer�kðm1�m̂mÞðrm1k�dkað�ÞÞDs þ er�kðm3�m̂mÞðrm3k�2dkĉc1ð�ÞÞ

� 2eðr2m̂m0k�m̂mkðAð�Þ3 � âa3ð�Þ=2ÞÞ

þ 3r�kðm2�2m̂mÞððqsjÞ2Ds � iðqsjÞðq2s jÞ þ r�dkb0ð�ÞðqsjÞ2

þ r�n0 l1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; eÞ þ r�dk�1l2ðs; r�1; qsj;DsÞÞ

þ 2er�dkðrm̂mkAð�ÞÞb0ð�ÞDs þ el3ðs; r�1;DsÞguk�1ðs; r�1Þ ¼ 0

ðk ¼ 0; 1; 2; . . .Þ;

where ð�Þ ¼ ðtðs; rÞ;Xðr�kÞÞ. Similarly, we can determine fukðs; r�1Þgk¼0;1;2;... so

as to satisfy (3.14) and (3.19). We define vNðs; y; r�1; eÞ ðN A ZþÞ by (3.16). Then

we have (3.17), replacing 1 by e on the left-hand side and Oðr3dkþ2n0�n0ðNþ1ÞþlþjajÞ
by Oðr2�m2kþdk�n0ðNþ2ÞþlþjajÞ on the right-hand side. Let us consider Case C. Note

that m1 < y and minfm2 � m1; m̂mg > 0. We choose

n0 ¼ ð1� dk� m1kÞ=2; k ¼ ðdþ m1 þ m5Þ
�1;

83On the Cauchy problem for hyperbolic operators II



where

m5 ¼ minfm2 � 2m1; m̂m� m1; 1gk:

Then we have

3dkþ 3n0 ¼ 1þ 2dk� m1kþ n0; 1� dk ¼ m1kþ m5k;

n0 ¼ ð1� dk� m1kÞ=2 ¼ m5k=2 ð> 0Þ; n0 a 1=2;

3dkþ 3n0 � ð2þ dk� m2kÞ ¼ n0 þ ðm2 � 2m1 � m5Þkb n0;

3dkþ 3n0 � ð1þ 2dk� m̂mkþ 2n0Þ ¼ n0 þ ðm̂m� m1 � m5Þkb n0;

3dkþ 3n0 � ð1þ 2dk� m3kÞ ¼ n0 þ ðm3 � m1Þkb n0;

3dkþ 3n0 � ð3� 2m̂m0kþ m̂mkÞ ¼ 3n0 þ 2ð m̂m0 � 2m̂mÞkþ 3ðm̂m� m1 � m5Þkb 3n0:

We note that

bðtðs; rÞ;Xðr�kÞÞ1 0 in s for rb r0 when m2 ¼ y:

So we choose l̂l ¼ 0 in (3.9) and e ¼G1 so that the imaginary part of a branch

of ð�erm1k�dkaðtðs; rÞ;Xðr�kÞÞÞ1=2 is negative. We define jðs; rÞ A Cyð½�s0; s0� �
½r0;yÞÞ by

jðs; rÞ ¼
ð s
0

ð�erm1k�dkaðtðu; rÞ;Xðr�kÞÞÞ1=2 du:ð3:20Þ

Writing uðs; r�1Þ as (3.13), we obtain the following transport equations for

uðs; r�1Þ:

f2ðqsjÞ2Ds þ r�ðm2�2m1�m5Þkðrm2k�dkbð�ÞÞð3:21Þ

þ 3er�ð m̂m�m1�m5Þkðrm̂mkAð�ÞÞðqsjÞ2 þ er�ðm3�m1Þkðrm3k�2dkĉc1ð�ÞÞ

� 3iðqsjÞðq2s jÞ þ r�dkb0ð�ÞðqsjÞ2gukðs; r�1Þ

þ f�2er�n0�3ð m̂m�m1�m5Þk�2ð m̂m0�2m̂mÞkðr2m̂m0k�m̂mkðAð�Þ3 � âa3ð�Þ=2ÞÞ

þ l1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; eÞ þ rn0�dk�1l2ðs; r�1; qsj;DsÞ

þ er�ð m̂m�m1�m5Þkð6ðrm̂mkAð�ÞÞðqsjÞDs � 3iðrm̂mkAð�ÞÞðq2s jÞ

� 3iðrm̂mkqsAð�ÞÞðqsjÞ þ r�n0 l3ðs; r�1;DsÞ

þ 2r�dkðrm̂mkAð�ÞÞb0ð�Þðqsjþ r�n0DsÞÞg

� uk�1ðs; r�1Þ ¼ 0 ðk ¼ 0; 1; 2; . . .Þ;
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where ð�Þ ¼ ðtðs; rÞ;Xðr�kÞÞ. Similarly, we can determine fukðs; r�1Þgk¼0;1;2;... so

as to satisfy (3.14) and (3.21). We define vNðs; y; r�1; eÞ ðN A ZþÞ by (3.16). Then

we have (3.17) with an obvious modification. Let us finally consider Case D.

Note that m3 < y. We choose

n0 ¼ ð1� dk� m3kÞ=3; k ¼ ðdþ m3 þ m6Þ
�1;

where

m6 ¼ minfm2=2� m3; 3ðm̂m� m3Þ=4; 3ðm1 � m3Þ=2; 1g:

Then we have

3dkþ 3n0 ¼ 1þ 2dk� m3k;

1� dk ¼ ðm3 þ m6Þk ¼ m3kþ 3n0;

n0 ¼ m6k=3 ð> 0Þ; n0 a 1=3;

3dkþ 3n0 � ð2� m2kþ dkÞ ¼ 3n0 þ 2ðm2=2� m3 � m6Þkb 3n0;

3dkþ 3n0 � ð1þ 2dk� m̂mkþ 2n0Þ ¼ n0 þ ðm̂m� m3 � m6Þk > n0;

3dkþ 3n0 � ð1þ 2dk� m1kþ n0Þ ¼ n0 þ ðm1 � m3 � 2m6=3Þkb n0;

3dkþ 3n0 � ð3þ m̂mk� 2m̂m0kÞ ¼ 6n0 þ ð2ðm̂m0 � 2m̂mÞ þ 3ðm̂m� m3Þ � 4m6Þkb 6n0:

We choose e ¼ 1 and l̂l ¼ 0 in (3.9) and (3.10). Define jðs; rÞ A Cyð½�s0; s0� �
½r0;yÞÞ by

jðs; rÞ ¼
ð s
0

½�ðrm3k�2dkĉc1ðtðu; rÞ;Xðr�kÞÞÞ�1=3 du:ð3:22Þ

Here we have chosen a branch of ½�ðrm3k�2dkĉc1ðtðu; rÞ;Xðr�kÞÞÞ�1=3 so that its

imaginary part is negative. Writing uðs; r�1Þ as (3.13), we obtain the following

transport equations for uðs; r�1Þ:

f3ðqsjÞ2Ds � 3iðqsjÞðq2s jÞ þ 3r�ð m̂m�m3�m6Þkðrm̂mkAð�ÞÞðqsjÞ2

þ r�ðm1�m3�2m6=3Þkðrm1k�dkað�ÞÞðqsjÞ þ r�dkb0ð�ÞðqsjÞ2gukðs; r�1Þ

þ fr�ð m̂m�m3�m6Þkð6ðrm̂mkAð�ÞðqsjÞDs � 3iðrm̂mkAð�Þðq2s jÞ � 3iðrm̂mkqsAð�ÞÞðqsjÞ

þ 2r�dkðrm̂mkAð�ÞÞb0ð�Þðqsjþ r�n0DsÞ þ r�n0 l3ðs; r�1;DsÞÞ

þ r�n0�ðm2�2m3�2m6Þkðrm2k�dkbð�ÞÞ

� 2r�4n0�ð2ð m̂m0�2m̂mÞþ3ð m̂m�m3Þ�4m6Þkðr2m̂m0k�m̂mkðAð�Þ3 � âa3ð�Þ=2ÞÞ
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þ l1ðs; r�1; qsj; q
2
s j; q

3
s j;Ds; 1Þ

þ rn0�dk�1l2ðs; r�1; qsj;DsÞguk�1ðs; r�1Þ ¼ 0 ðk ¼ 0; 1; 2; . . .Þ:

Here l3ðs; y;DsÞ ¼ 0 if m̂m ¼ y, aðtðs; rÞ;Xðr�kÞÞ1 0 in s for rb r0 if m1 ¼ y,

and bðtðs; rÞ;Xðr�kÞÞ1 0 in s for rb r0 if m2 ¼ y. Similarly, we can construct

fvNðs; y; r�1; 1ÞgN AZþ
satisfying (3.16) with e ¼ 1 and (3.17).

The condition (3.4) in Proposition 3.1 is satisfied if and only if at least one of

Case A to Case D occur. Indeed, first assume that minfm1; m3g < m̂m. If m1 a m3
and 2m1 < m2, then m1 < m̂m and Case C occurs. If m1 a m3 and m2 a 2m1, then

m1 < m̂m and Case A occurs. If m3 < m1 and 2m3 < m2, then m3 < m̂m and Case D

occurs. If m3 < m1 and m2 a 2m3, then m3 < m̂m and Case A occurs. Next assume

that minfm1; m3gb m̂m and m2 < m̂m0. If m2 < 2m̂m ða m̂m0Þ, then Case A occurs. If

2m̂ma m2 ð< m̂m0Þ, then Case B occurs. This proves the ‘‘only if ’’ part. The converse

is obvious.

Now we won’t omit ‘‘k0’’, i.e., Pðt;Dt;DxÞ denotes the di¤erential operator

in §1.

Lemma 3.5. Assume that the Cauchy problem (CP) is Cy well-posed and has

finite propagation property. Let K be a compact neighborhood of ðt0; 0Þ in R� Rn,

and let r0 be a positive constant satisfying (3.8). Then for any p A Zþ there are

C > 0 and q A Zþ such that

jvjp; ~WWe0 ; r
ð0;0Þ aCrqdkjPrðs;Ds;DyÞvjq; ~WWe0 ; r

ð0;0Þ for rb r0 andð3:23Þ

vðs; yÞ A CyðRnþ1Þ with supp v � fðs; yÞ; tðs; rÞb 0g;

where ~WWe0;rð0; 0Þ is defined by (3.18), e0 is a positive constant defined as Lemma

2.5, and Prðs; s; hÞ is defined by (3.7).

Proof. Let vðs; yÞ A CyðRnþ1Þ satisfy supp v � W , where W ¼ ½�s0; s0� �
fy A Rn; jyja 1g. Put

urðt; xÞ ¼ vðrdkðt� t0 � Tðr�kÞÞ; r�d 0kþ1xÞ:

Then we have

Pðt;Dt;DxÞurðt; xÞjt¼tðs;rÞ;x¼xðy;rÞ ¼ Prðs;Ds;DyÞvðs; yÞ:

It is obvious that

ðs; yÞ A ~WWe0;rð0; 0Þ , ðtðs; rÞ; xðy; rÞÞ A We0ðt0 þ Tðr�kÞ; 0Þ:

Therefore, Lemma 2.5 proves the lemma. r
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We factorized Pðt; t; xÞ as (3.1). Then we have

Prðs;Ds;DyÞðexp½ierd 0ky � Xðr�kÞ�uðsÞÞ

¼ exp½ierd 0ky � Xðr�kÞ�fP1
rðs;Ds; er

d 0kXðr�kÞÞ � � �Pk0�1
r ðs;Ds; er

d 0kXðr�kÞÞ

� Pk0þ1
r ðs;Ds; er

d 0kXðr�kÞÞ � � �Pr
rðs;Ds; er

d 0kXðr�kÞÞ

� Pk0
r ðs;Ds; er

d 0kXðr�kÞÞ þ Rrðs;Ds; er
d 0kXðr�kÞÞguðsÞ;

where Rrðs; s; hÞ ¼ Rðtðs; rÞ; rdks; r1�d 0khÞ. For Pk0
r ðs;Ds;DyÞ we constructed

asymptotic solutions fvNðs; y; r�1; eÞgN AZþ
satisfying (3.16) and (3.17) with an

obvious modification when at least one of Case A, Case C and Case D occurs.

Here we should choose e appropriately. In Case B we constructed asymptotic

solutions fvNðs; y; r�1; eÞgN AZþ
satisfying (3.16) and (3.17) with 3dkþ 2n0 in the

exponent replaced by 2� m2kþ dk. In (3.17) we replace 1 by e. Note that

Prðs;Ds;DyÞðEðs; y; r; e; n0; jÞuðsÞÞ

¼ exp½ierd 0ky � Xðr�kÞ�Prðs;Ds; er
d 0kXðr�kÞÞðEðs; 0; r; e; n0; jÞuðsÞÞ;

Rrðs;Ds;DyÞðEðs; y; r; e; n0; jÞuðsÞÞ

¼ exp½ierd 0ky � Xðr�kÞ�Rrðs;Ds; er
d 0kXðr�kÞÞðEðs; 0; r; e; n0; jÞuðsÞÞ

¼ Oðr�MÞ uniformly in ½�s0; 0� as r ! y ðM A NÞ

for uðsÞ A Cyð½�s0; s0�Þ. Therefore, Lemma 3.5 proves Proposition 3.1, since the

asymptotic solutions fvNðs; y; r�1; eÞgN AZþ
violate (3.23).

Lemma 3.6. Assume that 1a k0 a r and mðk0Þ ¼ 3, and that the Cauchy

problem (CP) is Cy well-posed and has finite propagation property. Let ðt0; x0Þ A
½0; d1=2� � ðG \ Sn�1Þ, and let TðyÞ and XðyÞ satisfy the condition ðT ;XÞ.

(i) We have

Ordy#0 min
s AR0ðXðyÞ;pk0 Þ

jt0 þ TðyÞ � sjð3:24Þ

� sub sðPÞðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ

bOrdy#0 hm�1ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ1=2;

Ordy#0 min
s AR0ðXðyÞ;pk0 Þ

jt0 þ TðyÞ � sjð3:25Þ

� ðqt sub sðPÞÞðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ
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bOrdy#0 âa
k0
2 ð�Þ1=2

ð¼ Ordy#0 hm�2ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ1=2Þ;

where Ak0ðt; xÞ is defined by (2.11) with k ¼ k0 and ð�Þ ¼ ðt0 þ TðyÞ;XðyÞÞ.
(ii) Assume that t0 A R and ðq l

tp
k0Þðt0; t0; x0Þ ¼ 0 ðl ¼ 0; 1; 2Þ, and put z0 ¼

ðt0; t0; x0Þ. Then we have

Ordy#0 min
s AR0ðXðyÞ;pk0 Þ

jt0 þ TðyÞ � sj2 �Qðt0 þ TðyÞ;�a1ð�; z0Þ=3;XðyÞ; z0Þð3:26Þ

bOrdy#0 hm�2ðt0 þ TðyÞ;�a1ð�; z0Þ=3;XðyÞÞ1=2;

where ð�; z0Þ ¼ ðt0 þ TðyÞ;XðyÞ; z0Þ.

Remark. (i) On the assumption that the factorization (2.1) is given near

t ¼ 0, the lemma is stated. Therefore, if for t0 A ½0;yÞ the factorization of

pðt; t; xÞ is given in a neighborhood I of t0, the lemma is valid with ½0; d1=2�
replaced by a compact sub-interval of I

�
. (ii) We note that pðt; t; x; z0Þ ¼

pk0ðt; t; xÞ and a1ðt; x; z0Þ ¼ ak0
1 ðt; xÞ in the assertion (ii).

Proof. From (2.5) of [11] it follows that

sub sðPÞð�Þ ¼ sub sðPk0Þð�ÞPfk0gð�Þð3:27Þ

þ
X

1akar;k0k0

sub sðPkÞð�Þpk0ð�ÞPfk0;kgð�Þ þOðhm�1ð�Þ1=2Þ;

where ð�Þ ¼ ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ. On the other hand, by (1.1) we

have

hm�1ðt; t; xÞ ¼ h2ðt; t; x; pk0ÞPfk0gðt; t; xÞ
2ð3:28Þ

þ hm�4ðt; t; x; p=pk0Þpk0ðt; t; xÞ2;

Ordy#0 pkðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ ¼ 0 if k0 k0;ð3:29Þ

where hlðt; t; x; pÞ ¼ 0 if l < 0, and ð�Þ ¼ ðt0 þ TðyÞ;XðyÞÞ. Corollary 3.2, (3.27)

and (3.28) prove (3.24), since

Ordy#0 pk0ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ2

> Ordy#0 h2ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞ; pk0Þ
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if 0 < Ordy#0 pk0ðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3;XðyÞÞ < y, where ð�Þ ¼ ðt0 þ TðyÞ;

XðyÞÞ. It follows from (2.5) of [11] that

qt sub sðPÞðt; t; xÞð3:30Þ

¼ qt sub sðPk0Þðt; t; xÞ �Pfk0gðt; t; xÞ

þ sub sðPk0Þðt; t; xÞqtPfk0gðt; t; xÞ

þ
X

1akar;k0k0

fqtpk0ðt; t; xÞ � sub sðPkÞðt; t; xÞPfk0;kgðt; t; xÞ

þ pk0ðt; t; xÞqtðsub sðt; t; xÞPfk0;kgðt; t; xÞÞg

� i

2

X
1akar;k0k0

fqtfpk; pk0gðt; t; xÞ �Pfk0;kgðt; t; xÞ

þ fpk; pk0gðt; t; xÞqtPfk0;kgðt; t; xÞg

� i

2

X
1ak<lar;k; l0k0

fqtpk0ðt; t; xÞ � fpk; plgðt; t; xÞPfk0;k; lgðt; t; xÞ

þ pk0ðt; t; xÞqtðfpk; plgðt; t; xÞPfk0;k; lgðt; t; xÞÞg:

Corollary 3.2, (3.29) and (3.30) prove (3.25), since

jðqm
t q

n
t p

k0Þðt; t; xÞjaCh3�lðt; t; x; pk0Þ1=2 if l ¼ 1; 2 and mþ n ¼ l;

hm�2ðt; t; xÞ ¼ h1ðt; t; x; pk0ÞPfk0gðt; t; xÞ
2 þ h2ðt; t; x; pk0Þhm�4ðt; t; x; p=pk0Þ

þ hm�5ðt; t; x; p=pk0Þpk0ðt; t; xÞ2:

Next let us prove the assertion (ii). Corollary 3.2 yields

Ordy#0 min
s AR0ðXðyÞ;pk0 Þ

jt0 þ TðyÞ � sj2 sub2 sðPk0Þð�ÞbOrdy#0 h1ð�; pk0Þ1=2;

where ð�Þ ¼ ðt0 þ TðyÞ;�ak0
1 ðt0 þ TðyÞ;XðyÞÞ=3;XðyÞÞ. The repetition of the above

argument and (2.26) of [11] prove the assertion (ii). r

4. The Double Characteristic Factors

Fix j and k0 so that 1a jaN0, 1a k0 a rð jÞ and mð j; k0Þ ¼ 2. In this

section we omit the subscript j and the superscript j in the same manner as in §2.

We also omit the superscript k0 until Lemma 4.3. Write
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pðt; t; xÞ ð¼ p j;k0ðt; t; xÞÞ ¼ t2 þ a1ðt; xÞtþ a2ðt; xÞ;

p̂pðt; t; xÞ ¼ pðt; t� a1ðt; xÞ=2; xÞ ¼ t2 � âa2ðt; xÞ;

Pðt; t; xÞ ¼ pðt; t; xÞ þ q0ðt; t; xÞ þ q1ðt; t; xÞ;

where q0ðt; t; xÞ is positively homogeneous of degree 1 in ðt; xÞ for jxjb 1

and

âa2ðt; xÞ ¼ a1ðt; xÞ2=4� a2ðt; xÞ ðb 0Þ;

q0ðt; t; xÞ1 b0ðt; xÞtþ b1ðt; xÞ A S1;0
1;0 ð½0; d1� � ððG [ ð�GÞÞnf0gÞÞ;

q1ðt; t; xÞ1 c0ðt; xÞtþ c1ðt; xÞ A S1;�1
cl ð½0; d1� � ððG [ ð�GÞÞnf0gÞÞ:

Here we assume that Pðt; t; xÞ ð¼ Pk0ðt; t; xÞÞ is defined for x A ð�GÞnf0g as

stated in §2. We also write

q̂q0ðt; t; xÞ ¼ q0ðt; t� a1ðt; xÞ=2; xÞ ¼ b0ðt; xÞtþ b̂b1ðt; xÞ;

b̂b1ðt; xÞ ¼ b1ðt; xÞ � a1ðt; xÞb0ðt; xÞ=2:

Note that

h1ðt; t� a1ðt; xÞ=2; x; pÞ ¼ h1ðt; t; x; p̂pÞ ¼ 2t2 þ 2âa2ðt; xÞ:

Let t0 A ½0; d1=2�, x0 A G \ Sn�1 and y0 > 0, and let TðyÞ;XlðyÞ A Cyðð0; y0�Þ \
Cð½0; y0�Þ ð1a la nÞ be real-valued functions satisfying the condition ðT ;XÞ.

(I) The case where âa2ðt;XðyÞÞ2 0 in ðt; yÞ.
Applying the Weierstrass preparation theorem, we can write

âa2ðt0 þ t;XðyÞÞ ¼ y l0dðt; yÞ
Yn0
i¼1

ðt� tiðyÞÞ; dðt; yÞ0 0

for ðt; yÞ A ½�d0; d0� � ½0; y0�, where 0 < d0 a d1 � t0 and tiðyÞ1 tiðy; t0;XÞ. The

tiðyÞ can be expanded into convergent Puiseux series of y in ½0; y0�, with a mod-

ification of y0 if necessary. Note that

R0ðXðyÞÞ � fðt0 þRe tiðyÞÞþ; 1a ia n0g ð1R0ðXðyÞ; pÞÞ ðy A ð0; y0�Þ:

(II) The case where âa2ðt;XðyÞÞ1 0 in ðt; yÞ.
We have p̂pðt; t;XðyÞÞ ¼ t2, and put

R0ðXðyÞ; pÞ ¼ q ð� R0ðXðyÞÞÞ; n0 ¼ 0 and l0 ¼ y:
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Now we define

m̂m ð1 m̂mðt0; x0;T ;XÞÞ ¼ ðOrdy#0 âa2ðt0 þ TðyÞ;XðyÞÞÞ=2;

m1 ð1 m1ðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sjaðt0 þ TðyÞ;XðyÞÞ;

d ð1 dðt0; x0;T ;XÞÞ ¼ Ordy#0 min
s AR0ðXðyÞ;pÞ

jt0 þ TðyÞ � sj

¼ max
1aian0

Ordy#0jt0 þ TðyÞ � ðt0 þRe tiðyÞÞþj
� �

;

where

aðt; xÞ ¼ b̂b1ðt; xÞ þ iqta1ðt; xÞ=2

and d ¼ 0 in the case (II).

Proposition 4.1. If

m1 < m̂m;ð4:1Þ

then the Cauchy problem (CP) is not Cy well-posed or (CP) does not have finite

propagation property.

Corollary 4.2. Assume that the Cauchy problem (CP) is Cy well-posed and

has finite propagation property. Let ðt0; x0Þ A ½0; d1=2� � ðG \ Sn�1Þ. Then we have

m̂mðt0; x0;T ;XÞa m1ðt0; x0;T ;XÞ

if TðyÞ and XðyÞ satisfy the condition ðT ;XÞ.

In the rest of this section we shall prove Proposition 4.1. Assume that (4.1)

is satisfied. Then we have da m1 < y and 0 < m̂m ðayÞ. There is c0 > 0 such

that

min
1aian0

jt0 þ TðyÞ � ðt0 þRe tiðyÞÞþjb c0y
d for y A ½0; y0�:

In the case (II) we may take c0 ¼ 1 since n0 ¼ 0. For v A R we define TvðyÞ by

(3.5). In the case (I) we have

âa2ðt0 þ TvðyÞ;XðyÞÞ ¼ y2m̂mðdðvÞ þ oð1ÞÞ as y # 0;

where dðvÞ2 0 is a polynomial of v with real coe‰cients. It is obvious that
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dðvÞ > 0 for v A ½�c0=2; c0=2�;

âa2ðt0 þ TvðyÞ;XðyÞÞ1=2 ¼ ym̂mð
ffiffiffiffiffiffiffiffiffi
dðvÞ

p
þ oð1ÞÞ

uniformly in v A ½�c0=2; c0=2� as y # 0:

Noting that aðt;XðyÞÞ2 0 in ðt; yÞ, we write

aðt0 þ TvðyÞ;XðyÞÞ ¼ y ~mm1�dðd1ðvÞ þ oð1ÞÞ as y # 0;

where ~mm1 A Q and d1ðvÞ ð2 0Þ is a polynomial of v. There are v0 A ðc0=4; c0=2Þ and
s0 > 0 such that I0 1 ½v0 � s0; v0 þ s0� � ½c0=4; c0=2� and

d1ðvÞ0 0 for v A I0:

We replace TðyÞ by Tv0ðyÞ. We note that d ¼ ~mm1 ¼ 0 and c0 ¼ 1 if m̂m ¼ y. Then

we can assume that I0 ¼ ½�s0; s0�, m1 ¼ ~mm1 and m1 < m̂m. Similarly, we make an

asymptotic change of variables as (3.6), where d 0 A ð0; 1Þ, k > 0 and d 0k < 1. Let

K be a compact neighborhood of ðt0; 0Þ in R� Rn, and choose r0 > 0 so that

(3.8) is satisfied. Define

Prðs; s; hÞ ¼ Pðtðs; rÞ; rdks; r1�d 0khÞ;

and put

Fðs; y; rÞ ¼ �r1�dk

ð s
0

a1ðtðu; rÞ;Xðr�kÞÞ du=2þ rd 0ky � Xðr�kÞ;

Eðs; y; r; e; n0; jÞ ¼ exp½ieFðs; y; rÞ þ irn0jðs; rÞ�;

where jðs; rÞ ðA Cyð½�s0; s0�Þ for rb r0) satisfies

jq l
sjðs; rÞjaCl for l A Zþ and ðs; r�1Þ A ½�s0; s0� � ð0; r�1

0 �;

e ¼G1 and n0 > 0. Applying the same argument as in (3.11), we have

~PPðs;Ds; r;EÞuðsÞ1Eðs; y; r; n0; jÞ�1
Prðs;Ds;DyÞðEðs; y; r; n0; jÞuðsÞÞ

¼ Eðs; 0; r; n0; jÞ�1
Pðtðs; rÞ; rdkDs; erXðr�kÞÞðEðs; 0; r; n0; jÞuðsÞÞ

¼ ½r2dkþ2n0ðqsjðs; rÞÞ2 þ er1�m1kþdkðrm1�dkað�ÞÞ

þ 2r2dkþn0ðqsjÞDs þ r2dkD2
s � r2�2m̂mkðr2m̂mkâa2ð�ÞÞ

� ir2dkþn0ðq2s jÞ þ rdkþn0b0ð�Þðqsjþ r�n0DsÞ

þ c0ðtðs; rÞ; erXðr�kÞÞÞð�era1ð�Þ=2þ rdkþn0qsjþ rdkDsÞ

þ c1ðtðs; rÞ; erXðr�kÞÞ�uðsÞ;
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where ð�Þ ¼ ðtðs; rÞ;Xðr�kÞÞ. We choose

n0 ¼ ð1� m1k� dkÞ=2; k ¼ ðdþminfm1 þ 1; m̂mgÞ�1:

Then we have

2dkþ 2n0 ¼ 1� m1kþ dk; 1� dk ¼ minfm1 þ 1; m̂mgk;

n0 ¼ minf1; m̂m� m1gk=2 ð> 0Þ; n0 a 1=2;

2dkþ 2n0 � ð2� 2m̂mkÞ ¼ 2n0 � 2 minf1þ m1 � m̂m; 0gkb 2n0:

Put

jðs; rÞ ¼
ð s
0

½�eðrm1k�dkaðtðu; rÞ;Xðr�kÞÞÞ�1=2 du:

Here we have chosen jðs; rÞ and e ¼G1 so that

Im½�eðrm1k�dkaðtðu; rÞ;Xðr�kÞÞÞ�1=2 < 0:

Writing uðs; r�1Þ as (3.13), we obtain the following transport equations for

uðs; r�1Þ:

f2ðqsjðs; rÞÞDs � iðq2s jÞ þ r�dkb0ð�ÞðqsjÞgukðs; r�1Þ

þ fD2
s � r2 minf1þm1�m̂m;0gðr2m̂mkâa2ð�ÞÞ þ r�dkb0ð�ÞDs

þ r�2dkc0ð� � �Þð�era1ð�Þ=2þ rdkþn0qsjþ rdkDsÞ

þ r�2dkc1ð� � �Þguk�1ðs; r�1Þ ðk ¼ 0; 1; 2; . . .Þ;

where ð�Þ ¼ ðtðs; rÞ;Xðr�kÞÞ and ð� � �Þ ¼ ðtðs; rÞ; erXðr�kÞÞ. Note that, with some

Cm > 0,

jðrdkqsÞmclðtðs; rÞ; erXðr�kÞÞjaCmr
l�1 ðl ¼ 0; 1Þ:

Therefore, applying the same argument as in §3 we can prove Proposition 4.1.

The same argument as in the proof of Lemma 3.6 and Proposition 4.1 prove the

following

Lemma 4.3. Assume that 1a k0 a r and mðk0Þ ¼ 2, and that (CP) is Cy

well-posed and finite propagation property. Let ðt0; x0Þ A ½0; d1=2� � ðG \ Sn�1Þ, and
let TðyÞ and XðyÞ satisfy the condition ðT ;XÞ. Then we have
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Ordy#0 min
s AR0ðXðyÞ;pk0 Þ

jt0 þ TðyÞ � sj

� sub sðPÞðt0 þ TðyÞ;�ak0
1 ðt0 þ TðyÞ;XðyÞÞ=2;XðyÞÞ

bOrdy#0 hm�1ðt0 þ TðyÞ;�ak0
1 ðt0 þ TðyÞ;XðyÞÞ=2;XðyÞÞ1=2:

5. Proof of Theorem 1.1

Let n ¼ 2, and let ðt0; x0Þ A ð0;yÞ � S1. Let aðt; xÞ and bðt; xÞ be real analytic

functions defined in a conic neighborhood C of ðt0; x0Þ. We assume that

aðt0; x0Þ ¼ 0, aðt; xÞb 0, aðt; xÞ2 0 in C and aðt; xÞ and bðt; xÞ are positively

homogeneous in x. Choose e A S1, d1 dðt0; x0Þ > 0 and y0 1 yðt0; x0Þ > 0 so that

e?x0, and

fðt; ~XX0ðyÞÞ; ðt0 � dÞþ a ta t0 þ d and jyja y0g � C;

where ~XX0ðyÞ1 ~XX0ðy; x0; eÞ ¼ ðx0 þ yeÞ=jx0 þ yej. We write

a0ðt; yÞ ¼ aðt; ~XX0ðyÞÞ; b0ðt; yÞ ¼ bðt; ~XX0ðyÞÞ:

Then we have

a0ðt; yÞ ¼
Xy
k¼l0

a0kðtÞy
k; a0l0ðtÞ2 0;

where l0 A Zþ. By the Weierstrass preparation theorem there are r0 A Zþ, a real

analytic function c0ðt; yÞ defined in ½0; y0�, real-valued continous functions t0kðyÞ
and s0

kðyÞ ð1a ka r0Þ defined in ½0; y0� such that c0ðt; yÞ > 0, t0kð0Þ ¼ s0
kð0Þ ¼ 0

ð1a ka r0Þ, the t0kðyÞ and s0
kðyÞ can be expanded into convergent Puiseux series

in ½0; y0�,

t01ðyÞa t02ðyÞa � � �a t0r0ðyÞ; s0
kðyÞb 0 ð1a ka r0Þ

a0ðt; yÞ ¼ y l0c0ðt; yÞ
Yr0
k¼1

fðt� t0 � t0kðyÞÞ
2 þ s0

kðyÞg ðy A ½0; y0�Þ;

with a modification of y0 if necessary, where a0ðt; yÞ ¼ y l0c0ðt; yÞ if r0 ¼ 0. Define

d 0ðt; yÞ ¼
y l0
Xr0
k¼1

Y
l0k

fðt� t0 � t0l ðyÞÞ
2 þ s0

l ðyÞg if r0 > 1;

y l0 if r0 a 1;

8><
>:ð5:1Þ

Rðy; a0Þ ¼ ft0 þ t0kðyÞ þ i
ffiffiffiffiffiffiffiffiffiffiffi
s0
kðyÞ

q
; 1a ka r0g if r0 b 1;

q if r0 ¼ 0:

(
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Lemma 5.1. There is C > 0 such that

C�1 min
l ARðy;a0Þ

jt� lj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d 0ðt; yÞ

q
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0ðt; yÞ

q
aC min

l ARðy;a0Þ
jt� lj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d 0ðt; yÞ

q

for t A ½ðt0 � dÞþ; t0 þ d� and y A ½0; y0�, with modifications of d and y0 if necessary,

where minl ARðy;a0Þjt� lj ¼ 1 if r0 ¼ 0.

Proof. When r0 ¼ 0, the lemma is trivial. Assume that r0 b 1, and fix

ðt; yÞ A ½ðt0 � dÞþ; t0 þ d� � ½0; y0�. We choose n0 A N so that 1a n0 a r0 and

min
l ARðy;a0Þ

jt� lj2 ¼ ðt� t0 � t0n0ðyÞÞ
2 þ s0

n0
ðyÞ:

Then we have

min
l ARðy;a0Þ

jt� lj2d 0ðt; yÞ ¼ ððt� t0 � t0n0ðyÞÞ
2 þ s0

n0
ðyÞÞd 0ðt; yÞ

a r0a
0ðt; yÞa r0 min

l ARðy;a0Þ
jt� lj2d 0ðt; yÞ: r

Let 1a ka r0. Suppose that b0ðt; yÞ2 0 in ðt; yÞ. We note that t0 þ t0kðyÞb 0

if 0 < yf 1, since t0 > 0. Applying the same argument as in §2 of [8], we can

write

b0ðt0 þ t0kðyÞ þ t; yÞ@
Xy
l¼0

bk; lðtÞynkþl=L; bk;0ðtÞ2 0;

where L A N and nk A Q. We define the Newton polygon Gh
b0;k of

thb0ðt0 þ t0kðyÞ þ t; yÞ for h ¼ 0; 1; 2 by

Gh
b0;k ¼ ch

[
lb0;mk; l<y

ðfðnk þ l=L; hþ mk:lÞg þ ½0;yÞ2Þ

2
4

3
5;

where

mk; l ¼ Ordt#0 bk; lðtÞ

and ch½A� denotes the convex hull of A. If b0ðt; yÞ1 0 in ðt; yÞ, we define

Gh
b0;k ¼ q (see, also, §2 and §5 of [8]). We also denote by Ga0;k the Newton

polygon of a0ðt0 þ t0kðyÞ þ t; yÞ.

Lemma 5.2 (Lemma 2.2 of [8]). Fix h A f0; 1; 2g. The following two condi-

tions (i) and (ii) are equivalent:
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(i) If TðyÞ is a real valued continuous function defined in ½0; y0�, TðyÞ A
Cyðð0; y0�Þ, Tð0Þ ¼ 0, t0 þ TðyÞ > 0 for y A ð0; y0� and TðyÞ can be

expanded into a formal Puiseux series, then

Ordy#0 min
1akar0

jTðyÞ � t0kðyÞj
hjb0ðt0 þ TðyÞ; yÞj

� �
bOrdy#0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0ðt0 þ TðyÞ; yÞ

q
:

(ii) 2Gh
b0;k � Ga0;k ð1a ka r0Þ (see, also, Lemma 3.3 of [10]).

Lemma 5.3. Fix h A f0; 1; 2g. Assume that

2Gh
b0;k � Ga0;k ð1a ka r0Þ:

Then there is C > 0 such that

min
1akar0

jt� ðt0 þ t0kðyÞÞj
hjb0ðt; yÞj

aC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0ðt; yÞ

q
for t A ½ðt0 � dÞþ; t0 þ d� and y A ½0; y0�;

with modifications of d and y0 if necessary.

We proved Lemma 5.3 with h ¼ 1 in §5 of [8]. Lemma 5.3 with h ¼ 0; 2 can

be proved by the same arguments as in §5 of [8].

We assume that the Cauchy problem (CP) is Cy well-posed and has finite

propagation property. We factorize pðt; t; xÞ as (2.1):

pðt; t; xÞ ¼
Yrð jÞ
k¼1

p j;kðt; t; xÞ for ðt; t; xÞ A ½0; d1� � R� ðGj \ Sn�1Þ

ð1a jaN0Þ. Fix j so that 1a jaN0. Assume that 1a k0 a rð jÞ and

mð j; k0Þ ¼ 3. Until the end of this section we omit the subscript j and the

superscript j in the same manner as in §2. Now assume that âak0
2 ðt; xÞ2 0 in ðt; xÞ.

It follows from (2.13), (3.3), Corollary 3.2 and Lemmas 5.2 and 5.3 that (2.8) and

(2.19) of [11] with RðxÞ replaced by R0ðxÞ hold for k ¼ k0.

Lemma 5.4. Let ðt0; x0Þ A ð0; d1=2Þ � ðG \ Sn�1Þ, and let TðyÞ A Cyðð0; y0�Þ \
Cð½0; y0�Þ be a real-valued function satisfying the following:

Tð0Þ ¼ 0; t0 þ TðyÞ > 0 for y A ½0; y0� and

TðyÞ can be expanded into a formal Puiseux series:
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Then we have

Ordy#0

(
min

s AR0ð~XX0;p
k0 Þ

jt0 þ TðyÞ � sjð5:2Þ

� sub sðPk0Þðt0 þ TðyÞ; ðâak0
3 ð�Þ=2Þ1=3 � ak0

1 ð�Þ=3; ~XX0ðyÞÞâak0
2 ð�Þ

)

bOrdy#0ðDk0
3 ð�Þâak0

2 ð�ÞÞ1=2;

where ð�Þ ¼ ðt0 þ TðyÞ; ~XX0ðyÞÞ.

Proof. (2.44) yields

ðâak0
2 ðt; xÞ=3Þh2ðt; ðâak0

3 ðt; xÞ=2Þ1=3; x; p̂pk0Þ1=2 a ðDk0
3 ðt; xÞðâak0

2 ðt; xÞ=3ÞÞ1=2:

This, with Corollary 3.2, yields

Ordy#0

(
min

s AR0ð~XX0;p
k0 Þ

jt0 þ TðyÞ � sj

� sub sðPk0Þðt0 þ TðyÞ;Ak0ð�Þ � ak0
1 ð�Þ=3; ~XX0ðyÞÞâak0

2 ð�Þ
)

bOrdy#0ðDk0
3 ð�Þâak0

2 ð�ÞÞ1=2;

where ð�Þ ¼ ðt0 þ TðyÞ; ~XX0ðyÞÞ. Therefore, the lemma easily follows from (2.13)

and (2.33)–(2.35). r

We may assume that Dk0
3 ðt; xÞ2 0 in ðt; xÞ. Indeed, if Dk0

3 ðt; xÞ1 0 in ðt; xÞ,
then Lemma 5.4 implies that sub sðPk0Þðt; ðâak0

3 ðt; xÞ=2Þ1=3 � ak0
1 ðt; xÞ=3; xÞ1 0 in

ðt; xÞ and, therefore, (2.7) holds. Taking a0ðt; yÞ ¼ Dk0
3 ðt; ~XX0ðyÞÞâak0

2 ðt; ~XX0ðyÞÞ in

Lemma 5.1, Lemma 5.1 implies that (2.7) are valid if and only if

jðâak0
2 ð�Þ sub sðPk0ðt; ðâak0

3 ð�Þ=2Þ1=3 � ak0
1 ð�Þ=3; ~XX0ðyÞÞ2ja d 0ðt; yÞ

for each ðt0; x0Þ A ½0; d1� � Sn�1 with Dk0
3 ðt0; x0Þ ¼ 0 and ðt; yÞ A ½ðt0 � dÞþ; t0 þ d�

� ½�y0; y0�, where ð�Þ ¼ ðt; ~XX0ðyÞÞ and d 0ðt; yÞ is defined by (5.1), since Rðy; a0Þ ¼
R0ð~XX0ðyÞ; pk0Þ. Choose L A N so that t0l ðsLÞ þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s0
l ðsLÞ

q
ð1a la r0Þ are real

analytic in a neighborhood of s ¼ 0. We put

~ddðt; sÞ ¼ d 0ðt; sLÞ; ~aaðt; sÞ ¼ âak0
3 ðt; ~XX0ðsLÞÞ=2
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which are real analytic in ðt; sÞ. Moreover, ~ddðt; sÞ is a polynomial of t. Note

that ~ddðt; sÞ depends on ðt0; x0Þ. It follows from Hironaka’s resolution theorem

that for each ðt0; x0Þ A ð0; d1=2� � Sn�1 with Dk0
3 ðt0; x0Þ ¼ 0 there are an open

neighborhood Uðt0Þ of ðt; sÞ ¼ ðt0; 0Þ in ð0; d1� � R, a real analytic manifold
~UUðt0Þ, a proper analytic mapping j1 jðt0Þ : ~UUðt0Þ C ~uu 7! jð~uuÞ ð1 jð~uu; t0ÞÞ A Uðt0Þ
satisfying the following:

(i) j : ~UUðt0Þn ~AA ! Uðt0ÞnA is an isomorphism, where A ¼ fðt; sÞ A Uðt0Þ;
~aaðt; sÞ ¼ 0g and ~AA ¼ j�1ðAÞ.

(ii) For each p A ~UUðt0Þ there are local analytic coordinates X ð1X pÞ ¼
ðX1;X2Þ ð¼ ðX p

1 ;X
p
2 ÞÞ centered at p, k1; k2 A Zþ, a neighborhood ~UUðt0; pÞ

of p and a real analytic function eðXÞ in ~VVðt0; pÞ such that eðX Þ0 0 in
~VVðt0; pÞ and

~aaðjð~uuÞÞ ¼ eðXð~uuÞÞX1ð~uuÞk1X2ð~uuÞk2 ð~uu A ~UUðt0; pÞÞ;

where ~VVðt0; pÞ ¼ fXð~uuÞ; ~uu A ~UUðt0; pÞg (see [1]).

Define ~jj ð1 ~jjðt0; pÞÞ : ~VVðt0; pÞ ! Uðt0Þ by ~jjðXð~uuÞÞ ð1 ~jjðX pð~uuÞ; t0; pÞÞ ¼ jð~uuÞ
ð1 jð~uu; t0ÞÞ for ~uu A ~UUðt0; pÞ. Then we have

~aað~jjðX ÞÞ ¼ eðXÞX k1
1 X k2

2 ðX A ~VVðt0; pÞÞ:

Putting Xl ¼ ~XX 3
l ðl ¼ 1; 2Þ, we have

~aaðj0ð ~XXÞÞ1=3 ¼ eð ~XX 3
1 ;

~XX 3
2 Þ

1=3 ~XX k1
1

~XX k2
2 ð ~XX A V 0ðt0; pÞÞ;

where j0ð ~XX Þ ¼ ~jjð ~XX 3
1 ;

~XX 3
2 Þ and V 0ðt0; pÞ ¼ f ~XX ¼ ð ~XX1; ~XX2Þ; ð ~XX 3

1 ;
~XX 3
2 Þ A ~VVðt0; pÞg.

Put Uðt0; pÞ ¼ fjð~uuÞ; ~uu A ~UUðt0; pÞg, ~aa0ð ~XX Þ ¼ ~aaðj0ð ~XXÞÞ1=3 and j0ð ~XXÞ ¼ ðtð ~XXÞ;
sð ~XXÞÞ. Then

min min
v AR0ð~XX0ðsLÞ;pk0 Þ

jt� vj; 1
( )

ð5:3Þ

� jsub sðPk0Þðt; ðâak0
3 ð�Þ=2Þ1=3 � ak0

1 ð�Þ=3; ~XX0ðsLÞÞj

aCh2ðt; ðâak0
3 ð�Þ=2Þ1=3; ~XX0ðsLÞ; p̂pk0Þ1=2 for ðt; sÞ A Uðt0; pÞ

if and only if

jBð ~XXÞ2jaC ~ddðtð ~XX Þ; sð ~XX ÞÞ for ~XX A V 0ðt0; pÞ;ð5:4Þ

where ð�Þ ¼ ðt; ~XX0ðsLÞÞ and
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Bð ~XXÞ ¼ âak0
2 ð� � �Þ sub sðPk0Þðtð ~XX Þ; ~aa0ð ~XXÞ � ak0

1 ð� � �Þ; ~XX0ðsð ~XXÞLÞÞ;

ð� � �Þ ¼ ðtð ~XXÞ; ~XX0ðsð ~XX ÞLÞÞ:

Note that ~ddðtð ~XXÞ; sð ~XXÞÞ and Bð ~XXÞ are real analytic in V 0ðt0; pÞ. Let ~XX ðyÞ be real

analytic near y ¼ 0. Then it follows from (5.2) that

Ordy#0 ~ddðtð ~XXðyÞÞ; sð ~XXðyÞÞÞ=2aOrdy#0 Bð ~XXðyÞÞ:

Lemmas 5.2 and 5.3 with b0ðt0 þ t; yÞ ¼ Bð ~XX Þ, a0ðt0 þ t; yÞ ¼ ~ddðtð ~XXÞ; sð ~XXÞÞ,
ðt; yÞ ¼ ~XX and h ¼ 0 yield (5.4) and, then, (5.3). Let I be a compact sub-interval

of ð0; d1=2�. Applying compactness argument, we can prove that (2.7) holds with

½0; d1� and RðxÞ replaced by I and R0ðx; pk0Þ, respectively. Therefore, Lemma 2.2

shows that (2.6) holds with ½0; d1� and RðxÞ replaced by I and R0ðxÞ, respectively.
Next assume that âak0

2 ðt; xÞ1 0 in ðt; xÞ. Then (2.13) and (2.14) yield Dk0
3 ðt; xÞ

ð1 D̂Dk0ðt; xÞÞ1 0 in ðt; xÞ. Similarly, (2.6), and (2.19) of [11] hold with RðxÞ
replaced by R0ðxÞ. Let 1a jaN0 and 1a k0 a rð jÞ satisfy mð j; k0Þ ¼ 2.

Applying Corollary 4.2 and the same argument as before, we can prove that

(2.36) with RðxÞ replaced by R0ðxÞ holds. Since (2.19) of [11] holds with RðxÞ
and ½0; d1� replaced by R0ðxÞ and I , respectively, as proved above, Lemma 2.5 of

[11] proves Theorem 1.1 with I � ð0; d1=2�. The interval ð0; d1=2� is determined by

the factorization (2.1). So, finally one can prove Theorem 1.1 (with any compact

interval I � ð0;yÞ).

6. Proof of Theorem 1.2

Assume that the hypotheses of Theorem 1.2 are fulfilled. Let 1a jaN0, and

let ðt0; x0Þ A ½0; d1=2� � ðGj \ Sn�1Þ. We fix l ¼ 1 or 2. Let hðt; xÞ be defined in a

semi-algebraic set U in Rnþ1. Then we say that hðt; xÞ is a semi-algebraic function

if the graph of hðt; xÞ is a semi-algebraic set. Let aðt; xÞ and bðt; xÞ be semi-

algebraic functions defined in a conic neighborhood of ðt0; x0Þ. We assume that

aðt; xÞ and bðt; xÞ are positively homogeneous in x, aðt; xÞb 0 and aðt0; x0Þ ¼ 0.

Choose d̂d > 0 so that

Dd̂d 1 fðt; xÞ; jt� t0j2 þ jx� x0j2 a d̂d2; jxj ¼ 1 and tb 0g � ½0; d1� � Gj:

We may assume that aðt; xÞ and bðt; xÞ are defined in Dd̂d. Then we say that the

condition ðA-BÞl is satisfied if

ðA-BÞl there are d A ð0; d̂d� and C > 0 satisfying

min min
s AR0ðxÞ

jt� sj l ; 1
� �

jbðt; xÞjaC
ffiffiffiffiffiffiffiffiffiffiffiffiffi
aðt; xÞ

p
for ðt; xÞ A Dd:
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Lemma 6.1. Assume that the condition ðA-BÞl is not satisfied. Then there

are y0 > 0, TlðyÞ;X l
kðyÞ A Cyðð0; y0�Þ \ Cð½0; y0�Þ ð1a ka nÞ such that TlðyÞ and

X lðyÞ ð1 ðX l
1ðyÞ; . . . ;X l

nðyÞÞÞ satisfy the condition ðT ;XÞ and

Ordy#0 min min
s AR0ðX l ðyÞÞ

jt0 þ TlðyÞ � sj l ; 1
( )

jbð�Þj < ðOrdy#0 að�ÞÞ=2;ð6:1Þ

where ð�Þ ¼ ðt0 þ TlðyÞ;X lðyÞÞ.

Proof. Let d A ð0; d̂d�. Define

A ¼ fðt; x; yÞ A Dd � R; y ¼ aðt; xÞg;

B ¼ fðt; x; yÞ A Dd � R; y ¼ jbðt; xÞj2g;

Cl ¼ ðt; x; yÞ A Dd � R; y ¼ min min
s AR0ðxÞ

jt� sj2l ; 1
� �� �

:

It is obvious that A and B are semi-algebraic sets. Put

X0 ¼ fx A Sn�1; jx� x0ja d and DMðs0; xÞ0 0 for some s0 A ½0;yÞg;

Xk ¼ fx A Sn�1; jx� x0ja d; DM�kþ1ðs; xÞ ¼ 0 for any s A ½0;yÞ and

DM�kðs0; xÞ0 0 for some s0 A ½0;yÞg ð1a kaMÞ:

Since the Dkðt; xÞ are semi-algebraic, the Xk are semi-algebraic set, Xm \ Xn ¼ q

if m0 n, and

[M
k¼0

Xk ¼ fx A Sn�1; jx� x0ja dg:

Choose d 0 A ð0; 1� so that

ftþ it A C; t A ½�d 0; t0 þ 2�; t A R and jtja d 0g � W;

where W is the complex neighborhood of ½0;yÞ as appears in §1. We define

Dk ¼ fðt; xÞ A R� Sn�1; x A Xk; DM�kðt1 þ it; xÞ ¼ 0; t1 A ½�d 0; t0 þ 2�;

t A ½�d 0; d 0�; t2 b 0; t22 ¼ t21 and t ¼ ðt1 þ t2Þ=2g ð0a kaMÞ;

D ¼
[M
k¼0

Dk:
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Note that DM ¼ q. Then we have

Cl ¼ fðt; x; yÞ A Dd; “ðŝs; xÞ A D or ŝs ¼ t� 1”;

jt� sj2 b jt� ŝsj2 for any ðs; xÞ A D and y ¼ jt� ŝsj2lg:

This shows that Cl is a semi-algebraic set. Put

Ll ¼ fðr; t; x; lÞ A Rnþ3; there are y; u; v;w A R satisfying

ðt; x; yÞ A A; ðt; x; uÞ A B; ðt; x; vÞ A Cl ; ry ¼ 1;

wððjt� t0j2 þ jx� x0j2Þruvþ 1Þ ¼ 1 and l ¼ ruvwg:

Then Ll is semi-algebraic and

Ll ¼
�
ðr; t; x; lÞ A R�Dd � R; raðt; xÞ ¼ 1; and

l ¼ r min min
s AR0ðxÞ

jt� sj2l ; 1
� �

jbðt; xÞj2

� ðjt� t0j2 þ jx� x0j2Þr min min
s AR0ðxÞ

jt� sj2l ; 1
� �

jbðt; xÞj2 þ 1

� ��1�
:

For r > 0 we define

KðrÞ ¼ fðt; xÞ A Dd; raðt; xÞ ¼ 1g:

Then KðrÞ is compact and there is r0 > 0 such that KðrÞ0q for rb r0.

Indeed, we can take

r�1
0 ¼ maxfaðt; xÞ; ðt; xÞ A Ddg;

since aðt0; x0Þ ¼ 0. This yields

fr A R; ðr; t; x; lÞ A Ll for some ðt; x; lÞ A Rnþ2g � fr; rb r0g:

Therefore, we can define

flðrÞ ¼ supfl; ðr; t; x; lÞ A Ll for some ðt; xÞ A Rnþ1g for rb r0:ð6:2Þ

Note that

flðrÞ ¼ max

(
r minfmins AR0ðxÞjt� sj2l ; 1gjbðt; xÞj2

ððjt� t0j2 þ jx� x0j2Þr minfmins AR0ðxÞjt� sj2l ; 1gjbðt; xÞj2 þ 1Þ
;

ðt; xÞ A KðrÞ
)
;
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since KðrÞ is compact. It follows from Theorem A.2.8 of [3] that there are

continuous functions ~TTlðrÞ, ~XX lðrÞ and llðrÞ such that ~TTlðrÞ, ~XX lðrÞ and llðrÞ can

be expanded into convergent Puiseux series for rg 1 and

ðr; t0 þ ~TTlðrÞ; ~XX lðrÞ; llðrÞÞ A Ll ; flðrÞ ¼ llðrÞ ðb 0Þð6:3Þ

(see, also, [7]). Since the condition ðA-BÞl does not hold, there is fðtk; xkÞg � Dd

satisfying ðtk; xkÞ ! ðt0; x0Þ and

min min
s AR0ðxkÞ

jtk � sj l ; 1
( )

jbðtk; xkÞj=aðtk; xkÞ1=2 ! y as k ! y:ð6:4Þ

Put dk ¼ ðjtk � t0j2 þ jxk � x0j2Þ1=2 and rk ¼ aðtk; xkÞ�1. Then we have dk ! 0

and rk ! y as k ! y. (6.3), together with (6.2) and (6.4), gives

llðrkÞb rk min min
s AR0ðxkÞ

jtk � sj2l ; 1
( )

jbðtk; xkÞj2

� d2krk min min
s AR0ðxkÞ

jtk � sj2l ; 1
( )

jbðtk; xkÞj2 þ 1

 !�1

! y as k ! y;

since dk ! 0 and rk minfmins AR0ðxkÞjtk � sj2l ; 1gjbðtk; xkÞj2 ! y as k ! y. So

we have llðrÞ ! y as r ! y, which implies that

min min
s AR0ð~XX lðrÞÞ

jt0 þ ~TTlðrÞ � sj l ; 1
( )

� jbðt0 þ ~TTlðrÞ; ~XX lðrÞÞjaðt0 þ ~TTlðrÞ; ~XX lðrÞÞ�1=2 ! y;

ð ~TTlðrÞ; ~XX lðrÞÞ ! ð0; x0Þ

as r ! y. There is L A N such that ~XX lðrLÞ is real analytic in r ðb r
1=L
0 Þ. We put

TlðyÞ ¼ ~TTlðy�LÞ and X lðyÞ ¼ ~XX lðy�LÞ. Here, if t0 þ TlðyÞ1 0, then we replace

TlðyÞ by TlðyÞ þ yN , where Ng 1. We note that X l
kðyÞ ð1a ka nÞ are real

analytic in y A ½0; y0�, where y0 ¼ r
�1=L
0 . Then we have (6.1). r

First we assume that 1a k0 a rð jÞ and mð j; k0Þ ¼ 3. We take

aðt; xÞ ¼ hm�1ðt;A j;k0ðt; xÞ � a
j;k0
1 ðt; xÞ=3; xÞ;

bðt; xÞ ¼ sub sðPÞðt;A j;k0ðt; xÞ � a
j;k0
1 ðt; xÞ=3; xÞ

�

and l ¼ 1, where
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A j;k0ðt; xÞ ¼ n j;k0ðt; xÞðâa j;k0
2 ðt; xÞ=3Þ1=2;

n j;k0ðt; xÞ ¼ 1 if âa
j;k0
3 ðt; xÞb 0;

�1 if âa
j;k0
3 ðt; xÞ < 0

(

(see (2.11)). It is easy to see that the coe‰cients of the polynomial p j;k0ðt; t; xÞ
of t are semi-algebraic. It follows from Lemma 6.1 that there are y0 > 0,

TðyÞ;XkðyÞ A Cyðð0; y0�Þ \ Cð½0; y0�Þ ð1a ka nÞ such that TðyÞ and XðyÞ
ð1 ðX1ðyÞ; . . . ;XnðyÞÞÞ satisfy the condition ðT ;XÞ and

Ordy#0

�
min min

s AR0ðXðyÞÞ
jt0 þ TðyÞ � sj; 1

� �

� sub sðPÞðt0 þ TðyÞ;A j;k0ð�Þ � a
j;k0
1 ð�Þ=3;XðyÞÞ

�

< Ordy#0 hm�1ðt0 þ TðyÞ;A j;k0ð�Þ � a
j;k0
1 ð�Þ=3;XðyÞÞ1=2

if the condition ðA-BÞ1 is not satisfied, where ð�Þ ¼ ðt0 þ TðyÞ;XðyÞÞ. Therefore,
Lemma 3.6 implies that the condition ðA-BÞ1 is satisfied if the Cauchy problem

(CP) is Cy well-posed and has finite propagation property. Next we take

aðt; xÞ ¼ âa
j;k0
2 ðt; xÞ;

bðt; xÞ ¼ ðqt sub sðPÞÞðt;A j;k0ðt; xÞ � a
j;k0
1 ðt; xÞ=3; xÞ

(
ð6:5Þ

and l ¼ 1. Similarly, we can see that the condition ðA-BÞ1 is satisfied if aðt; xÞ and
bðt; xÞ are given by (6.5) and (CP) is Cy well-posed and has finite propagation

property. Let z0 ¼ ðt0; t0; x0Þ satisfy ðqm
t pÞðz0Þ ¼ 0 ðm ¼ 0; 1; 2Þ and pk0ðz0Þ ¼ 0.

We take

aðt; xÞ ¼ hm�2ðt;�a1ðt; x; z0Þ=3; xÞ;
bðt; xÞ ¼ Qðt;�a1ðt; x; z0Þ=3; x; z0Þ

�
ð6:6Þ

and l ¼ 2. It is easy to see that the coe‰cients of the polynomials pðt; t; x; z0Þ
and Qðt; t; x; z0Þ of t are semi-algebraic. Similarly, we can see that the condition

ðA-BÞ2 is satisfied if aðt; xÞ and bðt; xÞ are given by (6.6) and (CP) is Cy well-

posed and has finite propagation property. This implies that (L-2) for ½0; d1=2� is
satisfied if (L-1) for ½0; d1=2� is satisfied. Now we assume that 1a k0 a rð jÞ and

mð j; k0Þ ¼ 2. We take

aðt; xÞ ¼ hm�1ðt;�a
j;k0
1 ðt; xÞ=2; xÞ;

bðt; xÞ ¼ sub sðPÞðt;�a
j;k0
1 ðt; xÞ=2; xÞ

(
ð6:7Þ
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and l ¼ 1. Repetition of the above argument and Lemma 4.3 shows that the

condition ðA-BÞ1 is satisfied if aðt; xÞ and bðt; xÞ are given by (6.7) and (CP) is Cy

well-posed and has finite propagation property. It follows from the above results

and Lemma 2.3 of [11] that (2.9), (2.10) and (2.37) hold for ðt; xÞ A ½0; d1=2� �
ðGj \ Sn�1Þ, since

h2ðt;A j;kðt; xÞ � a
j;k
1 ðt; xÞ=3; x; p j;kÞAhm�1ðt;A j;kðt; xÞ � a

j;k
1 ðt; xÞ=3; xÞ

for ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ if 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 3,

and

2âa
j;k
2 ðt; xÞ ð¼ h1ðt;�a

j;k
1 ðt; xÞ=2; x; p j;kÞÞAhm�1ðt;�a

j;k
1 ðt; xÞ=2; xÞ

for ðt; xÞ A ½0; d1� � ðGj \ Sn�1Þ if 1a jaN0, 1a ka rð jÞ and mð j; kÞ ¼ 2. There-

fore, Lemma 2.5 of [11] implies that (L-1) for ½0; d1=2� is satisfied, which proves

Theorem 1.2 with T ¼ d1=2. The interval ½0; d1=2� is determined by the facto-

rization (2.1). So, finally one can prove Theorem 1.2 (with I ¼ ½0;T � for any

T > 0).
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